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ABSTRACT. We study stable free-boundary minimal hypersurfaces in a complete (n + 1)-dimensio-
nal Riemannian manifold-with-boundary (M,9M), and establish the free-boundary version of the
well-known (interior) Schoen—Simon regularity and compactness theory from [SS81]. Our approach
follows the instrinsic PDE scheme introduced by the first-named author in [Bel25].

In the key step towards the compactness and regularity, we identify and address the two possible
scenarios in which local weak flatness (of a stable free-boundary minimal hypersurface) is verified
near a point on 9M: first, weak flatness with respect to 9M; second, weak flatness with respect to a
reference hypersurface-with-boundary that meets OM almost orthogonally. In both flatness regimes
we prove sheeting theorems, i.e. a graphical decomposition (possibly in the multi-valued sense) and
estimates for the stable minimal hypersurface.

The sheeting theorems are obtained, in their most basic analytic form, as e-regularity theorems
(where smallness of € reflects regimes with weak flatness). The starting point is a careful identifica-
tion of geometrically adapted tilt functions. We choose them so that they quantify flatness and keep
track of the ambient geometry, and we show that they solve appropriate non-linear elliptic PDEs
on the free-boundary minimal hypersurface. These PDEs are amenable to an intrinsic analysis
(of the tilt functions) via iteration & la De Giorgi, using stability to obtain weak Caccioppoli-type
inequalities that make the iteration viable, and leading to the e-regularity.

The two e-regularity results (and consequent sheeting theorems) are valid for immersed hyper-
surfaces that are allowed to have a small singular set (a priori of locally finite (n — 2)—Hausdorff
measure). When specialised to embeddings, they yield (in combination with soft classical tools) the
compactness and regularity theorem: a sequence of stable free-boundary embedded minimal hyper-
surfaces with uniformly bounded area (possibly with a singular set of locally finite (n — 2)-measure)
admits a subsequence converging to a free-boundary minimal hypersurface, that is smoothly em-
bedded away from a set of Hausdorff dimension at most n — 7 (its singular set). The convergence is
smooth and graphical (possibly with multiplicity) away from this (singular) set.

As an application of the compactness and regularity, we extend the free-boundary Almgren—Pitts
existence theory of [LZ21b] to arbitrary dimension. In every compact Riemannian manifold-with-
boundary of dimension n+1, there exists a free-boundary minimal hypersurface, smoothly embedded
except possibly for a singular set of Hausdorff dimension at most n — 7.
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1. INTRODUCTION

Let (M™*1 OM,g) be a smooth Riemannian manifold-with-boundary. A smooth hypersurface-
with-boundary (X,0%) C (M,0M) is a free-boundary minimal hypersurface if its mean curvature
vanishes and it meets 0M orthogonally along 0%. This characterises stationarity with respect to
area for compactly supported deformations that preserve the constraint 03> C OM. The purpose
of this paper is to develop a regularity and compactness theory for stable free-boundary minimal
hypersurfaces with a small singular set, and to apply it to the existence of optimally regular! free-
boundary minimal hypersurfaces in compact Riemannian manifolds-with-boundary, in arbitrary
dimension.

The analogous interior problem (M = ()) found its resolution in the Schoen—Simon theory,
a cornerstone of the field. In [SS81], they proved that a stable minimal hypersurface (without
boundary), smoothly and properly embedded outside a closed set of locally finite H"~2-measure,
extends to one that is smooth and embedded away from a singular set of Hausdorff dimension at
most n — 7, and established compactness of this class in the varifold topology under uniform mass
bounds. The main efforts in [SS81] are devoted to the proof of a sheeting theorem, which, combined
with a slicing argument, establish the aforementioned compactness theorem. Finally, they used
these results to obtain the existence of an optimally regular closed minimal hypersurface in every
closed Riemannian manifold, extending the low-dimensional Almgren—Pitts theory [Pit81], which
was based on the Schoen-Simon—Yau curvature estimates in [SSY75].

The Schoen-Simon theory also underpins Wickramasekera’s influential work [Wicl4]|, which
(among other merits) has been fundamental in the development of an Allen—Cahn min-max ap-
proach to the existence of closed minimal hypersurfaces in compact Riemannian manifolds [HT00,
TW12, Gual8]. By analogy, a (future) free-boundary theory in the spirit of [Wicl4] (i.e. for free-
boundary stationary stable integral varifolds without classical singularities) would most likely have
to rely on the sheeting results that we provide here. Such developments would further lead to
the completion of an Allen—Cahn min-max approach to the existence of free-boundary minimal
hypersurfaces, cf. [LPS26].

The low-dimensional Almgren—Pitts theory was recently extended to the free-boundary setting
by the second-named author in collaboration with X. Zhou in [LZ21b]. The missing ingredient
for the higher-dimensional theory was a comprehensive free-boundary analogue of Schoen—Simon’s
compactness for stable hypersurfaces with singular set of locally finite H" ?-measure. A partial
adaptation of the techniques of [SS81] to the free-boundary setting was carried out in [GJ86b] for
surfaces (n = 2) in Euclidean domains with strictly uniformly convex boundary. Subsequently,
[DLR18] noted that the same arguments carry over in arbitrary dimension and for Riemannian
domains with strictly uniformly convex boundaries. A noticeable effect of the convexity assumption
in [GJ86b] and [DLR18] is that it prevents interior touching of ¥ with M (by interior touching
we mean that (X \ 9X) N M # (). Our results confirm a posteriori that (in the convex case)
touching is also ruled out under a limit procedure. Touching behaviour can on the other hand arise
when OM is not convex, as easy examples show, and may happen in the limit even if we start from
a sequence that presents no touching. Handling this possibility (especially in the limit) is crucial
for the development of a compactness theory, as well as an existence theory. Indeed, [LZ21b] deal
with this situation in low dimensions by means of curvature estimates [GLZ20] (in the spirit of
Schoen—Simon—Yau [SSY75]), while the compactness theory developed here permits its handling in
all dimensions.

Le. smoothly embedded away from a codimension 7 singular set.
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An intrinsic PDE approach to the Schoen—Simon theory was recently introduced by the first-
named author in [Bel25], where the key e-regularity result for the classical tilt function (in Euclidean
space, with respect to a hyperplane) is obtained by direct (non-linear elliptic) PDE analysis, carried
out on the hypersurface. Our proof follows this instrinsic paradigm: rather than linearising the min-
imal surface equation in an ambient coordinate system (as in [SS81, GJ86b]), we derive differential
inequalities directly on the immersed hypersurface for geometrically adapted tilt functions. Our tilt
functions retain information about the Riemannian geometry of M and of @M, which turns out to
be crucial for the success of the method, and particularly useful at the boundary (see Section 1.2.1
below). The e-regularity result is the key ingredient to obtain a sheeting theorem, from which the
compactness theory will follow via soft classical geometric measure theory arguments.

Another advantage of the intrinsic PDE method lies in the fact that (unlike [SS81]) it allows to
prove e-regularity and sheeting theorems for stable immersed (rather than embedded) free-boundary
minimal hypersurfaces with sufficiently small (non-immersed) singular set. Both sheeting theorems
are new in the case of stable immersions, with the boundary-parallel one new even in the embedded
setting.

1.1. Main result. Our main result is the following free-boundary counterpart of the Schoen—Simon
compactness theory.

Theorem 1.1 (Compactness theory). Let n > 2 and let (M"Y OM,g) be a smooth complete
Riemannian manifold-with-boundary. Consider a sequence of smooth (up to the boundary) embedded
two-sided hypersurfaces-with-boundary {(Xk, 0X)r. Assume the following, for each k.

(i) (a priori control on the singular set) Sy = X1 \ Xk has locally finite H"~2-measure, where the
closure is taken in M, and the embedding is proper in M \ Sk.
(ii) (free boundary condition) 9%, C OM.
(i4i) (stationarity) Xy is minimal in its interior Xy \ 0%k, in the sense that its mean curvature
vanishes; for every p € 0¥y the tangent half-plane to Xy at p is orthogonal to T,0M.

(iv) (stability) for every ¢ € C’g’l(Ek) the stability inequality holds on Xy, namely

(1.1) / Vs, 0l —/ (145, * + Rica (v, vs,) ) ¢° —/ Tons (Vs v, )@” > 0,
Sk Sk O
where vs, is a continuous determination of unit normal to Xy,.
(v) (mass bounds) For every compact set K C M we have sup, H" (5 N K) < +00.

Then % converges locally subsequentially in M to a smooth embedded hypersurface-with-boundary
Y such that S = ¥\ ¥ has dimy(S) < n — 7; in addition, if n = 7 the set S is discrete. The
convergence is locally smooth and graphical (possibly with multiplicity) on M \ S. Moreover, the
hypersurface ¥ is a free-boundary minimal hypersurface (i.e. it satisfies (ii)-(iii) with ¥ in place of
k) and, when taken with multiplicity, ¥ is the image of a two-sided stable free-boundary minimal
1MMersion.

Remark 1.2 (Stability properties of the limit hypersurface ¥). More precisely, ¥ in Theorem 1.1
(while not being necessarily two-sided) satisfies:

o If I' is a two-sided connected component of ¥, with unit normal vp, then it satisfies the
stability inequality (1.1) with I in place of .

e IfI' is a one-sided connected component of X, then the inclusion I' < M lifts to a two-to-one
immersion 7 : I' — M of the orientable double cover I in the normal bundle N I', with image
. Then I endowed with the pullback metric i*g has a globally-defined unit normal 7 and
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the following stability inequality holds
L1908 = [ (145l + Ricar o, 70))¢* = | Tons (. 7p)6* = 0,

for all ¢ € COH(ID).
See Section 5.6 for more details.

Remark 1.3. Convergence aspects of Theorem 1.1 are naturally formulated in the language of var-
ifolds. Indeed, under the assumptions of Theorem 1.1, each ¥ defines a free-boundary stationary
integral varifold |Xi| == v(2g, 1y,). (We show this in Appendix B, as a consequence of the size
assumption on S, see also Section 1.2.6.) We then prove that, up to a subsequence, the varifolds
|X%| converge to the varifold V' = 6|X|, where ¥ is as in Theorem 1.1, and 6 is a locally constant
integer-valued locally summable positive function on . In particular, the density function 6 is
constant on each connected component of 3. Moreover, if I' is a one-sided connected component of
>, then 6 is necessarily an even positive integer on I'. Finally, V is free-boundary stationary and
stable, i.e. for every vector field? X € X% (M), we have 6V (X) = 0 and 62V (X) > 0. See Section 5
for details.

Remark 1.4. We emphasise that, throughout this paper, every reference to smoothness or smooth
convergence of hypersurfaces-with-boundary should be interpreted as smoothness up to the boundary
and smooth convergence up to the boundary respectively.

Remark 1.5. Notice that the limit hypersurface ¥ in Theorem 1.1 may still touch the boundary
in its interior, namely it is possible that (3 \ 0X) N OM # (. However, since the convergence to
¥ is smooth and graphical, the mean curvature of ¥ vanishes on (X \ 0¥X) N dM. This constrains
the possible behaviours. For example, by the maximum principle, if M is strictly mean-convex
(namely Hyps > 0), then necessarily (X \ 03) N9M = (. Similarly, if U C OM is a relatively open
set and U C (X\ 0X) N OM, then, again by the maximum principle, Hgps = 0 on U.

It is also possible that (X \ (0% U X)) N dM # (), namely that ¥ touches the boundary at an
interior singular point (see Example 1.16).

Remark 1.6. Notice that, as in the interior case, the dimension bound dimy(S) < n — 7 is sharp,
as one can see by considering e.g. one half of the Simons cone, namely the area-minimising (and
therefore stable) singular free-boundary minimal hypersurface ¥ = {Z?Zl x? = Z?:s) x?; T8 >
0} C R, which can be obtained as a smooth (away from its singular set S = {0}) limit of a
sequence of stable smooth free-boundary minimal hypersurfaces EZ. Indeed, it is well-known that
the complement R® \ ¥ of the full Simons’ cone consists of two connected components E, E_, and
each of Ey is foliated by rescalings {AI'sx }a~o of a smooth area-minimising hypersurface I'y such
that A\l't+ — 3 as A — 0" both in the sense of varifolds, and locally smoothly away from the origin.
Since each 'y is smooth and invariant under reflection in {zg = 0}, then ¥} := k=T N{zg > 0}) is
an area-minimising (hence stable) smooth free-boundary minimal hypersurface in Ri and E: -3t
(which has a codimension 7 singular set) as k — 0.

Remark 1.7. In dimensions 3 < n+ 1 < 7, where the singular set is empty, the compactness theory
can equivalently be expressed as a curvature estimate. More precisely, our Theorem 1.1 implies
[GLZ20, Theorem 1.1] under the additional assumption that the stable free boundary minimal
hypersurface ¥ is embedded. We note that the original theorem [GLZ20, Theorem 1.1] can now
be strengthened, due to the first-named author’s extension of the Schoen—Simon—Yau estimates

2xtan (M) = {X € CLH(M, TM) : X () € T.(dM) for all = € OM}.
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to ambient dimension n 4+ 1 = 7 and of the recent progress on the stable Bernstein problem. In
particular, as a consequence of [Bel25, Theorem 2|, the curvature estimate of [GLZ20, Theorem
1.1] holds for immersed stable free boundary minimal hypersurfaces in the full dimensional range
3 <n+1<7 and, as a consequence of [CL24, CLMS26, Maz24, HLW26| the constant C; in
[GLZ20, Theorem 1.1] can be taken to be independent of the area bound Cp.

As announced above, replacing the low-dimensional compactness input in [LLZ21b] by Theorem 1.1
gives the following existence theorem, which is new for n > 7.

Theorem 1.8. For any given compact Riemannian manifold-with-boundary (M"Y OM,g) with
n > 2, there exists a smooth embedded hypersurface-with-boundary X that satisfies the following
properties.

e 0¥ C OM.

e X is minimal in its interior X\ 0% (in the sense that its mean curvature vanishes) and for
every p € 0% the tangent half-plane to ¥ at p is orthogonal to T,0M .

e ¥\ X has Hausdorff dimension at most n — 1.

Remark 1.9. Similarly to Remark 1.3, in the language of varifolds, the varifold V' = |X| induced by
the free-boundary minimal hypersurface ¥ in Theorem 1.8 is free-boundary stationary, namely its
first variation 8V vanishes along every vector field X € X'a"(M). Moreover, the singular set sing V'
of V has Hausdorff dimension at most n — 7.

Remark 1.10. Note that in Theorem 1.8 the set spt ||V|| N OM might be empty, i.e. V might be
supported on an optimally regular closed minimal hypersurface contained in the interior of M (see
Appendix D.1). However, under additional geometric assumptions on (M"*!, M, g), for example if
Ricg > 0 on M and OM is strictly mean-convex, it is possible to guarantee that V' is supported on an
optimally regular free-boundary minimal hypersurface with non-empty boundary. See Appendix D.2
for a proof.

1.2. Ideas of the proof. Let us now explain the overall structure of the argument for Theorem 1.1,
and the various intermediate results of independent interest we obtain en route to the compactness
theorem. As we mentioned at the very beginning of this introductory section, the approach is based
on the method developed in [Bel25], which relies on intrinsic PDE analysis on immersed minimal
hypersurfaces. The proof of Theorem 1.1 is organised around two sheeting theorems (Theorem 1.12
and Theorem 1.15), which characterise stable singular free-boundary hypersurfaces that are L*-
close to certain almost-flat models as unions of minimal graphs over these models. Although the
compactness theorem (Theorem 1.1) only deals with stable embedded free-boundary minimal hyper-
surfaces (see Section 1.2.5 for more on this aspect), the sheeting results can be proven with barely
any additional effort in the larger class of stable immersed free-boundary-minimal hypersurfaces
(see Definition 2.6 for a precise definition of the class of hypersurfaces we consider).

Our first step in the free-boundary setting is to identify the two almost-flat models. In the first,
we use as reference hypersurface a geodesic ball in the boundary OM (leading to the boundary-
parallel sheeting result in Theorem 1.12); in the second, the reference hypersurface is a smooth
embedded half-disc meeting OM orthogonally (leading to the boundary-orthogonal sheeting result
in Theorem 1.15).

The analytic architecture is the same in the two cases: the sheeting theorem is obtained as
a consequence of an e-regularity theorem (Theorem 1.11 and Theorem 1.14 respectively) for an
appropriately chosen scale-invariant tilt excess, which is supposed to measure closeness to the model.
Once the correct geometrically adapted tilt function is identified for each case, the proof of the e-
regularity formally follows the same steps as in [Bel25]: first, a differential inequality is derived for
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the tilt function; secondly, by using a truncation of the tilt function as a test function in the stability
inequality, an intrinsic weak Caccioppoli inequality on ¥ is obtained; finally, by using an appropriate
Sobolev inequality to relate the L? energies of successive truncations on nested cylinders, an iteration
a la De Giorgi can be set up to yield an L?-to-L> estimate for the tilt function at a smaller scale.
This L?-to-L> estimate under the assumption of initial smallness is the essence of our e-regularity.
Once the tilt is uniformly small, projection onto the model is locally invertible; so properness and
the smallness of the projected singular set promote local graphs to a finite multigraph structure.

In order to highlight the common abstract structure of the arguments, we will present the common
ingredients (such as the Sobolev inequalities in Section 2.2.4 or the iteration lemmas in Section 2.3)
as stand-alone results in Section 2.

1.2.1. Geometric choice of the tilt functions. Two considerations determine the comparison hy-
persurfaces and tilt functions used in this argument. The first concerns the metric in which the
differential identities are derived. In their boundary curvature estimates, Griiter—Jost [GJ86b, Sec-
tion 3] flatten the boundary by a local diffeomorphism and treat the transformed area integrand
as a perturbation of Euclidean area, following the framework of Schoen—Simon [SS81]. In doing
so, the exact variational information is inevitably lost: stationarity and stability condition become
approximate conditions (for the Euclidean area), and the PDE for the tilt will feature differentiation
of the Euclidean mean-curvature, a term that admits no natural estimate and is not amenable to
the PDE methods we use. Instead, the tilt functions that we use here are naturally induced by the
Riemannian metric, and this permits us to preserve all variational information.

The second consideration is compatibility with the boundary geometry, which affects the choices
of both the reference for flatness, and the tilt function to measure flatness (with respect to said
reference). This issue persists even when M is the closure of a smooth domain in R™*! equipped
with the Euclidean metric, and the n-area is already Euclidean. As the proof of the compactness and
regularity theorem proceeds via tangent cone analysis, it might be very tempting to aim for sheeting
theorems where flatness is captured by the standard Euclidean tilt function with respect to either the
hyperplane T,0M C R™*! or a half-hyperplane orthogonal to T,0M. In both cases, however, we
would run into trouble with the PDE analysis for the tilt, because Fuclidean tilt functions introduce
terms arising from the free boundary that, in general, are not controlled by the estimates used in
our iteration. We consequently adapt both the comparison hypersurface and the reference normal
field to the curved boundary. In the boundary-parallel case, we compare with a local portion of OM
itself and define the tilt g using its distance function. In the boundary-orthogonal case, we use a
comparison half-disc meeting OM orthogonally and define the tilt 7 using a smooth unit extension Z
of its normal that is tangent to OM along the ambient boundary. These choices yield the boundary
identities needed to eliminate or control the conormal terms in the Caccioppoli inequalities.

1.2.2. Boundary-parallel sheeting theorem. Let dgps be the distance to the boundary in a collar
neighbourhood, and define
g = |Vsdan|-
This will be our tilt function when the comparison hypersurface is chosen to be a geodesic ball
in OM: it measures the tangential component of the boundary-normal direction, and hence the
deviation of T from the tangent spaces to the parallel hypersurfaces of the collar. A crucial
feature is that
g=1 on 0%,

while it satisfies a PDE in ¥ thanks to Bochner’s formula. Thus an L?-to-L> estimate which
ensures ¢ < 1 in a smaller domain automatically shows that there are no free-boundary points
there. The subsequent sheeting is therefore by interior minimal graphs over dM. In particular,
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boundary-parallel L? closeness rules out a degeneration in which boundary components collapse
into a boundary-parallel limit through flatter and flatter half-catenoidal necks.

Theorem 1.11 (Boundary-parallel e-regularity for the tilt). Let M be as above, p € M, and let P
be a geodesic ball in OM centred at p. Assume pg > 0 is such that P has a pg-collar neighbourhood
N (P) in M, and

(1.2) \Vadon|* + |Vadon| + |Rmg | < A*in N (P),

where dgps denotes the distance function from OM. There exist g > 0, Ry > 0 depending only on
the dimension n and the geometric constant A such that the following holds.
Let § € (0,p0/2), R € (0,Rp), o € (0,1), and let Pp = B%M(p) C P. Let X be a stable singular
properly immersed free-boundary minimal hypersurface in N, pt(PR) such that ¥ C N, 5+ (Pr) and
00X C Pg. If
Ez’p(R)2 = R_”/ \Vdan|? < (1 —0)"?  for some e < &g,
b

then
Vsdont| < Co(1 — ) 7% Ex p(R)™2, on NN (Pog),

where the constant Cy = Cy(n, A) only depends on the dimension n and the constant A.

Theorem 1.12 (Boundary-parallel sheeting). Under the assumptions of Theorem 1.11, we further
conclude that 0% N Pgjy = (0, and that there exist an integer Q > 1 and ordered Lipschitz functions

0<u; <up <---<wg,  uj: Pgp—|[0,9),
such that
- Q
S NN (Prpa) = U Fon (graph(uy)),
j=1

where Fynr(graph(uy)) = {Fan(y,uj(y)) : y € Prya} and Fapr: P x [0, p9) — M is the normal
exponential map of OM (as defined in Section 2) restricted to P. Furthermore,

Lipp(u;) < C(n,A)EXP(R)n%z’

for every j = 1,...,Q, where the constant C(n,A) only depends on the dimension n and the geo-
metric constant A in (1.2). Moreover,

(i) If we further assume H"~%(S) = 0, then there exist smooth functions vy, vs,...,vQ: Prjy —
[0,0) such that
Q
) ﬁ./\/;o(PR/Q) = U Fyn (graph(vj)),
j=1

and with

_2
IV205ll 0Py ) + ROV 050,p < Clns A) (R By p(R) 52 +1)

forallj =1,2,...,Q and « € (0,1). In particular, R|As| < C(n,A) (EEJJ(R)n%2 + R) on
Y NN (Prya)- B

(i) If, on the other hand, we assume that X is embedded, then ¥ NN} (Pgjs) = X NN (Pr/s)
and 0 <wuyp <wug < ...<wug are smooth with estimates

2
1925l co(pya) + BV, < Clny 0 A) (R B p(R) 752 +1)

Pr/o
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forallj =1,2,...,Q and o € (0,1). Lastly, R|As| < C(n,A) (Egp(R)n%2 —i—R) on XN
N (Pr2).

PO
1.2.3. Boundary-orthogonal sheeting theorem. The second model is a smooth two-sided n-dimensional
half-disc P meeting OM orthogonally. We need to define a tilt function that quantifies deviation
from this model. Directly extending the unit normal to P as gradient of dp is not suitable for the
boundary calculation: the normal derivative of the associated tilt would contain the uncontrolled
component A(n,n), where 7 is the free-boundary conormal. We instead construct a unit vector field
Z on a neighbourhood of P in M such that

Zlp =vp, Z €T(OM) along OM.
Its flow preserves OM, and we measure tilt by
ri=|27)

where Z7 is the projection of Z onto T'Y. Tangentiality of Z converts the boundary derivative of 7
into terms involving only the second fundamental form of 9M and derivatives of Z (see Lemma 4.9),
so the boundary contribution can be handled by the trace inequality.

Remark 1.13. Our boundary-orthogonal sheeting theorem includes, as a special case, the result in
[GJ86D, Section 3]. Our construction of Z replaces, in some sense, the flattening of 9M performed
in [GJ86b]. While M is therein locally described in coordinates as a half ball B*!(0), with M
identified with B™(0) x {0}, we use (flow lines of) Z and V&dy); to reach a neighbourhood of P in
M (adapted neighbourhood, using our terminology in Section 4.4), noting that Z preserves OM and
V&dgys is orthogonal to it. Crucially, we keep the ambient metric and the variational information,
while [GJ86b] work with the Euclidean metric in B/ (0) (following [SS81]). That choice would not
work for our method, since the Euclidean mean curvature of the transformed hypersurface becomes
nonzero and its gradient inevitably appears in the estimates, producing error terms that are not
controlled by the available hypotheses. On the other hand, the tilt function 7, being built from Z,
reflects the Riemannian geometry of the ambient boundary; moreover, having left ambient metric
and variational hypotheses unaltered, 7 satisfies a PDE that allows us to successfully carry out the
approach of [Bel25] in our setting. We note that Z and V&dyy, play a similar role, in flavour, to the
construction of a so-called orthogonal foliation in [LZ21a], used in a context of maximum principle
for free-boundary minimal submanifolds.

More precisely, let P be a smooth two-sided embedded n-dimensional half-disc, let 9gP = PNOM,
and assume that P meets M orthogonally along dpP. Such a P can be constructed locally, for
instance taking the half-disk in Fermi coordinates centred at p € M. See Section 4.1 for further
details. If p € 9y P, write Pgr = Bg (p). The adapted field Z has a flow map Fy, and we set

NZ(Pg) := Fz(Pg x (—4,6)).

Theorem 1.14 (Boundary-orthogonal e-regularity for the tilt). Let M be as above and let P be
a smooth two-sided, embedded, n-dimensional half-disc in M meeting OM orthogonally along Oy P.
Let the vector field Z be as above, and let p € JyP = PNOM. Assume p1 > 0 is such that the flow
map Fyz is a diffeomorphism P, x (—p1,p1) onto the relatively open neighbourhood ./\/;i (P) of P in
M. Assume that
sup |Ap|* + sup |V pAp| + sup [VHAp|*/? < A2,
P1 PPI Ppl

sup |V§daM|2 + sup |ngaM| + sup |V;;1al31\4|2/3 < A2
sup | Rmg | + sup | V& R |3 + sup \Vg Rm, |/2 < A2,

(1.3)
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mn N[ﬁ(P), where dgpr denotes the distance to OM in M, and Ap denotes the second fundamental
form of P in M. Then there exist 1 > 0, §1 € (0, p1) and Ry > 0 depending only on the dimension
n and the geometric constant A such that the following holds.

Let 6 € (0,01), R € (0,Ry), o € (0,1). Assume ¥ is a stable singular properly immersed free-
boundary minimal hypersurface in M such that & C N (Pg) and 0¥ C (OM NNZ(P)). If we let

ZT denote the orthogonal projection of Z onto TY, we have that if
EgP(R)2 = R”/ 1ZT12 < (1 —0)"e®  for some e < e,
b

then
(1.4) 27| < Ci(n, A) (1 —0) " EEL p(R)72  on S NNZ(Pyg),
where the constant C1 = C1(n,A) only depends on the dimension n and the constant A.

Theorem 1.15 (Boundary-orthogonal sheeting). Under the assumptions of Theorem 1.14, there
exist an integer Q > 1 and ordered Lipschitz functions

ufgufg...gug, ujZ:PR/Q—>(—5,5),
such that
- Q
SN (Prpo) = U Fy (graph(u?)),
j=1
where Fz(graph(ujz)) = {FZ(y,u]Z(y)) 1y € Pra} and Fz: Prjy X (=6,0) — M is the flow map of
the vector field Z. Furthermore,

(1.5) Lipp(uf) < C(n, ) (8 +BE p(R)752) .

for every j = 1,...,Q, where the constant C(n,A) only depends on the dimension n and the geo-
metric constant A in (1.3). Moreover,
(i) If we further assume H"2(S) = 0, then there exist smooth functions v¥,v%,. .. ,vé: Py —
(=6,0) such that

3N ./\/ L (Prya) = 7 (graph(v ))

|| C@

and with
2
19267 leogpny ) + BV o by < Clna, A) (B (BE p(R)77 +3) +1)
forallj=1,2,...,Q and a € (0,1). In particular,
R|As| < C(n, A) (5 + R+ Eg,P(R)%H)

on ZﬂNg(PR/Q).

(i) If, on the other hand, we assume that ¥ is embedded, then ¥ NN, (Prjs) = X NNy, (Pg/2),

u? .. uCZ2 are smooth and

ulz<u2Z<~-'<u5 on Pgs.
Moreover, the uZ satisfy estimates

_2
V267 oy ) + BEV2UZ oy < Cln, 1, A) (R—l (Egp(R) e 4 5) + 1)
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for all 3 = 1,2,...,Q and a € (0,1). Lastly, R|As| < C(n,A) (6+R+E§’P(R)%+2) on
S NNZ(Pgys).

1.2.4. Examples. We now construct two examples showing that, in the immersed setting, when
H"2(S) > 0 genuine singular points of branch type may be present both in ¥\ 0% (and may
possibly lie on M) and in 9%. By abuse of terminology, we will refer to these two situations as
interior branch points of ¥, and boundary branch points of ¥, respectively. Neither stability nor
the existence of a flat tangent cone implies regularity at a point of contact with M. Example 1.16
exhibits an interior branch point lying on M, at which the surface is tangent to M and has a
multiplicity-two planar tangent cone. The product construction in Example 1.17 produces a genuine
free-boundary stable minimal immersion whose codimension-two branch set reaches the boundary
and whose tangent cone there is a multiplicity-two half-hyperplane meeting OM orthogonally. Thus,
both types of flat cone appearing in our boundary sheeting theory can occur at branch points and
therefore cannot, for immersed hypersurfaces, yield regularity. On the other hand, the sheeting
theorems imply the uniqueness of the flat tangent cone, as recorded in Corollary 1.18.

Example 1.16 (Interior branch point touching the boundary). We will now exhibit a branched
minimal immersion with an interior branch point touching the boundary 0M. Consider x3 = uy(x )

where x = (x1,z3), satisfying |u(z)| < C|z|*. Let br(x) = =R+ /R? — |z|? = le +O(|z[*) b
the upper half-sphere centred at —Reg. If o > 2, then

=?
2R
for |z| sufficiently small. In particular, u = cR(2%/?) satisfies this property, but it is harmonic,

not minimal. We will use the Weierstrass—Enneper parametrization to circumvent this. Consider
D(¢) = (¢(1 —¢Y),i¢(1 + ¢5),2¢1), and note that ® - & = 0. In particular,

_ C2 CS C2 CS 2¢° 3

The Weierstrass-Enneper theorem (cf. [CMll, pag. 33]) shows that X is a branched minimal
immersion, and that ¢ = 0 is an isolated branch point. Furthermore, writing X = (X', X3) with
X' € R?, we have

X'(Q) = SR, -S() + 00" and  Xs(Q) = 2R,

so that | X'(¢)| ~ |¢|?, while |X3(¢)| < C[¢]° < C|X'(¢)]P/2, so that X3 ~ £cR((z1 + iz2)%/?) as
required. Now, for small enough (, there holds

1X(C) + Res|* — R* = | X" (Q)]* + X5(¢)* + 2RX3(¢) > c[¢|* — CRl¢]® > 0,

with equality holding at ¢ = 0. This is a smooth stable immersion f : S := D\ {0} — R3, where D
is a sufficiently small disc centred at the origin in R? = C. Stability follows from Barta’s theorem
(cf. [CM11, Lemma 1.36]). More precisely, if v(¢) denotes the upward pointing unit normal, then
(v(€), e3) gives a positive Jacobi field. Take then as manifold-with-boundary R? \ Bg(—Res). We
refer to [SW07] for more examples of stable branched minimal immersions.

+0(zl*) = br(z),

ug(z) > —clz|* >

Example 1.17 (Boundary branch point). Let f: S — R3 be as in Example 1.16, so that in
particular f is a two-sided stable branched minimal immersion, with 9% = () and discrete branch
set B. Set, ¥ = f(S), N=R3 and F: S x Ry — ]Ri, as well as

Y= xRy, M=NxRy=RY  F(z,ys)=(f(x)s),
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where Ry = [0,00) and § = g + ds®. Then 9% = £ x {0} and F(d%) C OM. For X € T,%, and
a€R,dF(X,a) = (df(X),a) so that rank dF' = rank df + 1. Hence

Sieg = (S\B) xRy,  Br=BxRy.
Thus dim Br = 1, so Br has codimension 2, and its boundary part is B x {0}. On the parameter
manifold S x Ry, F*g = f*g + ds®. If v is a unit normal to f, then ¥ = (v,0) is a unit normal
to F, and the product connection gives Ap((X,a),(Y,b)) = Af(X,Y). All mixed and Euclidean-

factor terms vanish; hence tr Ap = tr Ay = 0, so that F' is minimal. Along Bireg, the outward
conormal of F' and the outward normal to M are both —9,;. Thus F' is free-boundary, see also
Lemma C.2. Since M is totally geodesic, |Ap|* = |Af|?, and Ricy(7,7) = Ricy (v, v). Therefore,

~

for p € CX(Ereg), writing ¢q(x) = ¢(z, s),

(o) = [ Quedds+ [ ool dur >0
R+ Ereg

By splitting a variation into odd and even components with respect to reflection in the totally

geodesic boundary, we see that F' is free-boundary stable. Stability extends across By by logarithmic

cutoff. Lastly, if the tangent varifold of f at p is Q|P|, then that of F' at F(p,0) is Q|P x R4|, a

multiplicity-@ half-hyperplane meeting M orthogonally.

Corollary 1.18 (Uniqueness of flat tangent cones). Let (X,0%) be as in Definition 2.12, and let
x € X be such that a tangent cone (to the stationary varifold |X| at ) is either a half-hyperplane
orthogonal to T,OM, or the hyperplane T,OM (in both cases, a constant integer multiplicity may
be present). Then the tangent cone is unique.

1.2.5. From the sheeting theorems to the compactness theory. We finally indicate how the local
estimates yield Theorem 1.1. The local mass bounds, together with the corresponding local first-
variation bounds, give subsequential varifold compactness. In the present class, the required support
convergence follows directly from a uniform lower density estimate obtained by combining the usual
interior monotonicity formula with the boundary-centred monotonicity formula of [GLZ20]. In
particular, no reference to the (computationally heavy) monotonicity of reflected density is needed.

Let V be a limit varifold and consider a tangent cone at a boundary point. After doubling in the
tangent half-space, a cone with n-dimensional spine is flat and falls into one of the two models above:
either a multiple of T,0M, or a multiple of an orthogonal half-hyperplane. Varifold convergence
gives height closeness to the relevant model. The height-to-tilt inequalities of Section 5.1 turn this
into small L? tilt, and Theorems 1.12 and 1.15 then give smooth graphical convergence at a fixed
scale. This proves regularity at every flat tangent cone and, at the same time, uniqueness of that
cone.

Up to here, no distinction between embeddings and immersions is needed. The next step, on the
other hand, uses embeddedness in an essential way. The Schoen—Simon slicing argument, adapted to
the boundary, excludes stationary classical cones with an (n — 1)-dimensional spine. For immersed
hypersurfaces, sheets may branch or pass through one another, as Examples 1.16 and 1.17 illustrate,
and this exclusion mechanism is no longer available in the same form (see Question 1.19 for recent
progress).

Once the (n — 1)-dimensional stratum is excluded, the standard dimension-reduction argument
for stable cones gives dimy singV < n — 7, by adapting the usual argument to the case of free-
boundary stationary varifolds. At this stage as well we do not need to introduce a reflected density
or reflected monotonicity formula: the ordinary interior monotonicity formula and the boundary
monotonicity formula of [GLZ20] suffice. Reflection is used only at the tangent-cone level, where it
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becomes straightforward, as the manifold-with-boundary has become a half-space and the boundary
has become a Euclidean hyperplane.

1.2.6. On the smallness assumption and the stationarity condition. Our assumptions on the singular
set are also novel, and less restrictive than in other previous works on stable immersed free-boundary
minimal hypersurfaces, such as [Wic08]. Indeed, we only require the set of non-immersed singular
points to have locally finite H" 2 measure, and only impose stationarity away from this set. In
order to be able to use the consequences of global stationarity, such as monotonicity of area ratios,
we then show that stationarity extends across sets of locally finite H"~2? measure by constructing
a function that blows up on the exceptional set and is superharmonic along every n-dimensional
tangent plane (this part is inspired by a construction of Harvey—Lawson in [HL14]); a logarithmic
Caccioppoli estimate then yields cutoff functions of vanishing tangential energy. See Appendix B
for details.

1.3. Open questions and future directions. We finish this introduction by mentioning some
questions and open problems that arose during the preparation of this work.

Question 1.19. Is there a compactness theory for stable singular properly immersed free-boundary
minimal hypersurfaces with singular set of locally finite %"~ 2-measure? This seems likely given the
present work and the recent substantial advances in the interior theory in R"*!: in [WZ26a], Wang-
Zhang produce a tilt function that allows them to extend the methods and conclusions of [Bel25],
leading to a sharp (n — 3)-dimensional bound for the non-branch singular set, and establish a
branched sheeting theorem near cones that are unions of hyperplanes with spine of dimension n — 1
and n — 2. At the free boundary one must additionally understand boundary branch points and
their interaction with the touching set.

Question 1.20. Can the boundary-orthogonal e-regularity and sheeting theorems (Theorems 1.14
and 1.15) be proven under the weaker notion of stability away from the touching set used in [GWZ21,
Definition 2.2]?7 The present proof uses the analytic stability inequality for all compactly supported
scalar test functions, including across the touching set, and it is not immediate how to recover the
same Caccioppoli estimate from the weaker hypothesis.

Notice that, on the other hand, the tilt function used in the boundary-parallel case naturally
vanishes on the touching set, and it is an admissible test function for the stability inequality under
the weaker notion of stability away from the touching set.

Question 1.21. Can the sheeting and compactness theorems above be generalised to the capillary
setting? This appears to be promising, in light of the present work and of very recent or simultaneous
progress on related aspects. A theory for stable minimal hypersurfaces-with-boundary with given
capillary angle in a Euclidean half-space is developed in [WZ26b]. Moreover, in the forthcoming
work [BJ26], a regularity and compactness theory is established, for stable hypersurfaces whose
mean curvature is prescribed by an ambient function on a Riemannian manifold. A combination of
the three works is likely to lead to a compactness and regularity theory for capillary hypersurfaces
in the presence of a wetting energy and a potential energy.

Question 1.22. Let V be an n-dimensional rectifiable varifold which is stationary away from a
relatively closed set S satisfying H"~1(S) = 0. Must V be stationary across S? Proposition B.5
gives a positive answer when S has locally finite H"~2-measure. Its proof is critical at that exponent
and the construction used there no longer has the required properties under the weaker assumption
HPL(S) = 0.
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Question 1.23. What structural hypothesis gives an optimal regularity and compactness theory
for free-boundary stationary integral varifolds whose regular part is stable? The desired statement
would be a free-boundary counterpart of Wickramasekera’s interior theory [Wicl4], allowing stable
regular parts without an a priori #" 2 bound on the singular set and excluding the appropriate
boundary classical singularities. This question is the subject of ongoing work.
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2. PRELIMINARIES AND NOTATION

2.1. Inequalities and constants. We shall use the convention that C'(a, 8,7, ...) denotes a pos-
itive constant (which may change from line to line) and depends only on the parameters «, 3,7, ...
unless we specify otherwise.

2.2. Geometric setup. We refer to [Leel3, pp. 24-29] for the definition of (smooth) (n + 1)-
dimensional manifold-with-boundary M. We stress that OM is itself a (smooth) n-dimensional
manifold, and that M contains it. The interior of M, i.e. M\ 9M, is a (smooth) (n+ 1)-dimensional
manifold?.

A Riemannian manifold-with-boundary (M, g) is obtained from M by endowing it with a smooth
Riemannian metric g, with smoothness required up to the boundary*. Let V denote the Levi-Civita
connection on M induced by g. We will sometimes stress the dependence on the metric by writing
Ve,

We denote by n the inward unit normal of M, and we use the following notation for the (scalar-
valued) second fundamental form of M in M:

Ton (Y, Z) = g(VyZ,n) = —g(Vyn, Z),
for vector fields Y and Z tangent to OM.

Remark 2.1. We note that, essentially by the collar neighbourhood construction ([Leel3, Theorems
9.25 and 9.26]), in the case OM # (), the manifold M can be realised as a proper (i.e. strict) closed
subset «(M) € Q2 of a smooth (n + 1)-manifold €2, with ¢: M —  a smooth proper embedding. In
other words, M can be seen as a closed subset M C {2 with smooth boundary 0M. Additionally, Q
can be taken to be smoothly homotopic to the interior of M. Furthermore,  admits a (smooth)
Riemannian metric that restricts on M to the given one’.

Roughly speaking, the collar neighbourhood (which is a subset of M diffeomorphic to M x [0, 1),
with OM x {0} identified with OM) can be doubled, reflected and smoothly attached outside of M

along OM, thus creating €.

3The notions of boundary and interior in this setting are not to be understood with respect to the topology of an
ambient space in which we realise M as a subset.

4In local charts, this means that the metric is smooth in the interior and all of its derivatives extend continuously
to the boundary.

5This follows essentially from a lemma of Borel, showing that a function is smooth up to the boundary, in the
sense defined earlier, if and only if it admits a smooth extension across the boundary, see [Leel3, p.27].
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By Remark 2.1 and [Leel8, Theorem 5.25 and Corollary 6.39(d)], whenever P C M is a relatively
compact smooth submanifold of M, then there exists some pp > 0 such that the normal exponential
map Fyps of OM is a diffeomorphism of P x [0, pp) onto its image ./\f/j;(P) = Fyp (P x [0,pp)) of
Pin M.

2.2.1. Free-boundary minimal hypersurfaces. We will be interested in the following class of codi-
mension one submanifolds-with-boundary, inside a smooth complete, Riemannian manifold-with-
boundary (M"™*! g).

Definition 2.2 (Free-boundary minimal immersions and embeddings). Given a smooth n-dimensional
manifold-with-boundary N and a relatively open set U C M, a smooth immersion ¢ : (N,*g) —
U C (M,g) is a free-boundary minimal immersion in U if

(1) (ON) coOMNU,

(2) its mean curvature vanishes on the interior N \ N of N,

(3) for all z € ON, the inward conormal of ON in N at z is mapped to n(c(z)).

We shall denote the image ¢(N) of ¢+ by X, and let 9% = ((ON). Then (X,0%) is said to
be a smooth immersed free-boundary minimal hypersurface in (M,0M). If, furthermore, ¢ is a
homeomorphism of N onto its image, we will say that (3, 0%) is a smooth embedded free-boundary
hypersurface in (M,0M).

In what follows we shall often simplify the notation and write “X is a smooth immersed free-
boundary minimal hypersurface”, without explicitly referring to the manifold-with-boundary N or
the map ¢ : N — M. Similarly, we shall often drop the more cumbersome notation (M,0M,g),
(33,0%) for (Riemannian) manifolds-with-boundary and immersed/embedded hypersurfaces with
boundary, in favour of the simpler (M, g), 3.

Remark 2.3. Note that the intersection of the interior of ¥ and M is not necessarily empty as easy

examples show. We stress that the orthogonality between ¥ and OM is only imposed at points in
ox..

Remark 2.4. Notice that the conditions in Definition 2.2 imply that the immersion ¢ : N — M
is stationary for area with respect to compactly supported variations (1;: N — M )te(—é,é) which
preserve the inclusion ¢;(ON) C OM for all ¢, as it is easily seen from the first variation formula for

area6 .

Notation 2.5. From now on, whenever for A C M we write an integral fzm 4[5 we shall always
implicitly assume it is shorthand for the integral | “104) fouvdH}., over 1~(A) with respect to the

induced metric ¢*g. Similarly quantities such as the second fundamental form Ay, or a unit normal
vy, are to be understood implicitly as quantities on V.

2.2.2. Singular free-boundary minimal hypersurfaces. We will be concerned with the class of sta-
ble immersed free-boundary minimal hypersurfaces (see Definition 2.12 below). It is well-known
that allowing a small singular set is unavoidable for a comprehensive theory in this class (e.g. for
regularity, compactness, existence). We shall do so by introducing the notion of singular properly
immersed free-boundary minimal hypersurfaces, where we impose some a priori size constraint on
the singular set.

6Notice that the conditions in Definition 2.2 are stronger than stationarity with respect to compactly supported
variations which map 0N into the boundary M. Indeed stationarity only implies the vanishing of the mean curvature
of ¥ away from the touching set (¥ \ 0X) N IM, which is not assumed to be empty, as observed in Remark 2.3.
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Definition 2.6 (Singular properly immersed free-boundary minimal hypersurfaces). Let ¢ : N — M
be a free-boundary minimal immersion as in Definition 2.2 with image ¥ = +(N), and let S = ¥\ %,
where the closure is taken in M. We shall say that ¥ (or, more precisely, ) is a singular properly
immersed free-boundary minimal hypersurface in M if:

(1) The immersion ¢ is proper in M \ S, i.e. for every compact set K C M \ S the inverse image
1~ }(K) is compact in N.

(2) The measure H" L ¥ is locally finite, in the sense that for any compact K C M we have
H'(ENK) < 0.

(3) The set S := ¥\ ¥ has locally finite H"~2-measure (in M), i.e. for any compact K C M we
have H"2(SN K) < oo.

We shall refer to S as the singular set of X.

Notice that by (2), a singular properly immersed free-boundary minimal hypersurface ¥ defines
an integral n-varifold V = |¥| in M with weight measure ||V|| = H"LY and spt || V|| = X. Moreover,
by definition of a smooth free boundary minimal immersion, V' is free-boundary stationary in M\ S
in the sense of Appendix C.1.

Remark 2.7. Under the hypotheses of Definition 2.6 the varifold V' = |X| is free-boundary stationary
in M in the sense of Section 5.2. More precisely, under those assumptions one can extend stationarity
from M \ S to M (thus giving e.g. area-ratio estimates on balls centred on S by the monotonicity
formula), see the discussion in Appendix B (Proposition B.5 in particular).

Remark 2.8. As stated, in Definition 2.6 we may have points in § that are not genuinely singular,
e.g. we take ¥ to be a punctured equatorial disc in B? and S to be the missing point. Strictly
speaking, one should define the singular set sing(3) as the set of all z € M such that for every r > 0
the intersection of ¥ with the geodesic ball B,(x) in Q is not the image of a smooth free-boundary
immersion in M which is proper in B, (x), that is, sing(X) is the set of points across which ¥ cannot
be smoothly extended as a proper free-boundary immersion’. However, clearly sing(¥) C S and,
after extending ¥ across its removable singularities, one may take S = sing(X).

Remark 2.9. We will speak of a smooth properly immersed free-boundary minimal hypersurface
when & = (). In this case the notion reduces to Definition 2.2 with the additional assumption of
properness in M.

Remark 2.10. In our main compactness theorem, cf. Theorem 1.1, we specialise to (possibly)
singular embeddings, in which case the immersion in Definition 2.6 is assumed to be an embedding.
We also recall that a proper injective immersion with closed image is necessarily an embedding.

Remark 2.11. When we refer to a singular properly immersed free-boundary minimal hypersurface
as being two-sided we shall always mean that there exists a continuous global determination of unit
normal (more precisely, that the pullback normal bundle on N is trivial, and a global unit normal
is a continuous section of the pullback unit normal bundle on N).

In what follows, we shall often simply write “X is a singular free-boundary minimal hypersurface
in M”. This is always to be interpreted as shorthand for “X is a singular properly immersed free-
boundary minimal hypersurface in M” in the sense of Definition 2.6, unless we specify otherwise.

"The set sing(X) corresponds to the (non-immersed) singular set of the varifold |S| induced by ¥, in the definition
of [Wic08].
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2.2.3. Stability. We shall take the following analytic inequality as our notion of stability for singular
properly immersed free-boundary minimal hypersurfaces. We shall restrict ourselves to two-sided
hypersurfaces, as we make clear in the following definition.

Definition 2.12 (Stable free-boundary minimal hypersurface). Let ¥ = ¢(IN) be a singular properly
immersed free-boundary minimal hypersurface in the sense of Definition 2.6. Further assume X to
be two-sided, with unit normal vy, and second fundamental form Ax®. We say that ¥ is stable if
the following inequality holds

(2.1) / IVel? = (|As]* + Ricp (vs, vs))¢® —/ Ton (vs, vs)p? >0
N ON

for all ¢ € CS'(N), where N is endowed with ¢*g.

Remark 2.13. Tt turns out (see Definition 2.6 and the discussion in Appendix B) that the assump-
tions in Definition 2.6 imply that the singular set S has vanishing relative 2-capacity in 3, denoted
capy(S) = 0. Thus, (2.1) extends to any test function of the form ¢ = ¢ o for ¢ € CL(M). The
proof is by approximation using the cutoff functions provided by Corollary B.6 (see Lemma 2.14
for a similar argument).

From now on, following the convention laid out in notation 2.5, when we want to plug a test
function of the form ¢ = ¢ o« for ¢ € CL(M) into (2.1), we shall always write integrals directly on
%; that is, we shall write [i,|Vx¢|? in place of [ [V (¢ o).

2.2.4. Trace and Sobolev inequality. Fix a relatively compact open set U C M such that the dis-
tance function dgps to OM is smooth on U. Let X be a two-sided singular free-boundary minimal
hypersurface in M such that ¥ C U. Then, appropriate versions of the classical trace inequality
and Sobolev inequality hold for X.

In this subsection, functions on ¥ are understood on the parameter manifold NV, as in Notation 2.5.

Lemma 2.14. Let X be a two-sided singular free-boundary minimal hypersurface in M such that
> CU. Then if f is a non-negative compactly supported Lipschitz function in U, we have

(2.2) /a e /Z Vsf]+ <\/ﬁsgplvédaM|) /E ;.

For simplicity, write Cy, = Cix(n,U) := /nsupy |Vadan|.
Proof. Let us first give a one-line proof in the case f is supported away from S (see also [Edel6,
Lemma 2.1]), and then extend it to the more general case of f compactly supported in U by a (more
or less standard) excision argument based on Corollary B.6.

Suppose f is supported away from S, then by the divergence theorem on the immersed hyper-
surface X we have

/8 e /6 el Vedars. ) = /E divs(FVEdpnr) = — /Z §(Vs.J, Vodorr) + f trs(V2dony),

where in the last equality we used that the mean curvature of ¥ vanishes identically. Equation (2.2)
follows directly.

For a general f, let K € U be such that spt f C K. By Corollary B.6, there exist cutoffs
Xj € Cg’l(U) such that 0 < x; < 1, sptx; C U\'S, x; — 1 locally on X, and [, |Vex;l? — 0.
Apply (2.2) to f; == x;f ot to get

/82 f; < /E Vs (xif)| +ctr/2fj < /Z(vazf! Vs +ctr/2fj-

8More precisely, vs and Ay, are tensor fields on N along ¢, see notation 2.5.
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Notice that by (ii) of Definition 2.6, X% has locally finite mass, so by the properties of the cutoffs
X; we have

1/2
Iij\2> — 0.
YNK

The other terms on the right hand side converge by dominated convergence, and

/ f< lim.inf/ fi
ox J ox

by Fatou’s lemma. This concludes the proof. O

[ 1951 < Ifllnrm 0 K)V2 ( /
>

Remark 2.15. Notice that by taking f = 1 in (2.2), we obtain an upper bound for H*~1(9%) in
terms of the geometry of U and H"(X).

The trace inequality turns out to be very useful in dealing with stable singular free-boundary
minimal hypersurfaces, because it allows to absorb the boundary term in the stability inequality
into an interior term.

Lemma 2.16. Let Y be a stable singular free-boundary minimal hypersurface in M such that> C U.
For every o > 0 there is a finite constant C(n, o, U) depending on n, o, supy | Ricg |, supy; |V§daM\
such that

2 2 2 2
/Erch §(1+a)/E\V2C +c<n,a,U>/E<

for all bounded compactly supported Lipschitz functions ¢ on U. More precisely, C(n,a,U) can be
taken to be supy | Ricg | + (4ot + /n) supy |V§daM]2.

Proof. Let us first consider the case where ( is supported away from S. Then (2.1) holds. Therefore,
by Lemma 2.14 and Young’s inequality

/ Tons (v, V)C2
ox

This proves the result for compactly supported bounded Lipschitz functions ¢ with spt{ C U \ S.
For the general case, it is enough to apply the estimate we have just obtained to (; = x;( €

Cco’l(U \'S), where y; is as in the proof of Lemma 2.14. O

<a /E V¢ 4+ [anrll e (0 [Monsl e + Cir) /2 %

Finally, we are going to need to use the following Sobolev inequality, which follows from Edelen’s
Michael-Simon inequality for smooth free-boundary hypersurfaces in [Edel6, Theorem 2.2].

Lemma 2.17. Let ¥ be a two-sided singular free-boundary minimal hypersurface in M such that
Y C U. There are a dimensional constant Csep, = Cson(n) > 0 and a geometric constant Ksop =
Kson(n,U) depending on n and supy; |V§daM| > 0 such that for all compactly supported Lipschitz
functions ¢ on U, we have

n—2

(2.3) < / |cf”2>" < Csop ( [ iwscr+ K2, [ <2> forn >3,

and

(2.4) ( / \<\4)2 < Cso ( / <2>2 ( L1+ K2, [ <2>2 forn =2

9or7 more precisely, the measure H" L X.
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Proof. For ¢ supported away from &, this follows from the free-boundary Michael-Simon inequality

in [Edel6, Theorem 2.2] and the trace inequality (2.2) applied to f = |¢ ]% forn >3 and f = ¢?
for n = 2, followed by Young’s inequality.

The general case then follows from the same approximation argument as in Lemma 2.16 using
Corollary B.6. O

2.3. Iteration a la De Giorgi. Now let ¥ be a free-boundary minimal hypersurface in M. In
what follows we shall be interested in the situation where ¥ is weakly close, in a sense to be made
precise later, to a smooth embedded two-sided hypersurface P C M of one of the following two
types:
e P is a geodesic ball B3 (p) in M centred at a point p € M and 0 < R < inj,(OM) (see
Section 3);
e P is an n-dimensional free-boundary half-disc in M intersecting OM orthogonally (see Sec-
tion 4).
As explained in the Introduction, the central idea in the proofs of both Theorem 1.11 and The-
orem 1.14 is an L?-to-L™> estimate for the tilt relative to P, which is obtained via a non-linear
adaptation of De Giorgi’s iteration technique following [Bel25].

The overall strategy in both cases is very similar: first, we introduce a tilt function to measure
the deviation of the normal of ¥ from the normal of P, and show that this function satisfies a
differential inequality involving the norm |A|? of the second fundamental form of ¥; then by using
truncations of this tilt as appropriate test functions in the stability inequality, we obtain an intrinsic
Caccioppoli-type inequality on ¥; finally, thanks to the differential inequality satisfied by the tilt and
the Sobolev inequality in Section 2.2.4, we set up a De Giorgi-style iterative scheme which results
in a nonlinear recurrence equation for the L?-norm of successive truncations of the tilt function on
smaller and smaller cylinders. The superlinear nature of the recurrence (see e.g. [Bel25, Lemma
B.1]) implies that, provided the L?-norm of the tilt is sufficiently small at the original scale, then
the L2-norm of successive truncations on shrinking cylinders must go to 0, thereby providing an
L™ estimate for the tilt function at a smaller scale.

We now formulate this procedure abstractly, in a framework that applies to both tilt functions
we shall use in Section 3 and Section 4.

2.3.1. Setup. Let X be a two-sided singular free-boundary minimal hypersurface in M and assume
Y C U, where U is a relatively compact open subset of M. Let o € (0,1), R > 0 and let
{U;}o<r<gr be a nested family (increasing in r) of relatively open subsets of ¥. Assume that for all
oR <r <r’" <R, there exists a compactly supported Lipschitz function ¢, ,» on ¥ such that

Ce

rl—r

0< d)r,r’ <1, d)r,r’ =1lonU, spt ¢7",7“/ C Uy, |v2¢r,r’| <

for some constant C, independent of r,7’.

Let u : ¥ — [0,1] be a locally Lipschitz function on ¥ and assume that there are constants
k. € (0,1], Ccac, Kcac > 0 such that for every k € [0, k.| and every compactly supported Lipschitz
function ¢ € c? ’1(2), the following Caccioppoli-type inequality is satisfied

k 2,2 2 2 2 2
25 1— - C ac _k K ac ’
2o [ (1 h) s <ce (/(u 2 Vol + K2 /{M}d»)

where as usual all integrals should more precisely be understood on N (see 2.5). Finally, let
K, = maX{KSob7 KCac}'
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Lemma 2.18 (De Giorgi iteration). Let X, u be as above and let o € (0,1) be fized. There exists
epg = epa (N, kv, Csoby Ccac, Ce) > 0 with the following property. Let d € (0,k,]. If K,R <1 and

(2.6) R [ w?<edq(l—o)"d",
Ur
then
(2.7) supu < d.
Usr

Proof. Define
1 _
ky = (1—2€>, re=0R+27%1—-0)R

for £ > 0. Hence kg =0 and ky T d < k4, 7o = R and 7y | oR.
Since k; < ks, we can apply (2.5). Let Up = Uy,,, ug == (u—k¢)+, and Dy = UyN{u > ky}. Then

let
G( = / U% .
YNU,

Notice that, by definition (since both the cylinders and the truncations decrease),
Gry1 < Gy.
Now let ¢y == ¢, r,, sO that

Ce
0<¢e<1, ¢r=1lonUp1, sptoeCUp |Vsdy < —m2th,
(1-0)R

where C, is the fixed constant from the setup.
On Dy.q, by definition, we have u > kg1, so that

ke o Kerr — ke

l——2>
U kos1

>971 on Dyyq.

Therefore,

e e k
27t 1/ $F|Vsup)? =27¢ 1/ 07| Vsul? S/ <1— £> \Vsul*¢7,
by Upn{u>kei1} D, u

and, by (2.5), since |Vs@e|? < C24°((1 — 0)R)™2 and spt ¢, C Uy, we obtain
/ 2| Vsupsr|? < 2671 e (cg 47411 — 0)R)2G, + K2, H”(Dg))
by

< Co8 (1 — 0)R) 3Gy + Ko H™(Dy))
where, throughout this proof, Cy denotes a constant which is allowed to change from line to line
depending on n, ky, Ccac, Csob, Ce only.
Since |V (dpurr1)|? < 207 |Vsuppr|* + 2u§+1|Vg¢>4]2, then
(2.8) [ IV @i < Gos (1= 0)R) 2+ Koo H(D).
b

Notice that on D, we have up_; = u — ke_1 > k¢ — ko—1 > d27¢, so that by Markov’s inequality

2€ ? 2 2Z ’ 2 4 2
(29) Hn(D[) S (d) / Up_q < (d) / Up_q S 4°d~ Géfl,
D, Up—1
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as Dy C Uy C Up—y. Since uppq < ug, Gy < Gy—1 and d < 1, by (2.8) and (2.9), we obtain

/ Ve (uerno0) + Ko, / uf 107 < Co8' (1= 0)R) Gy +4'd ?K2Ge1 ) + K2Cy
b b

< Cp32°((1 — 0)R)2d 2G4,

where in the last inequality we used the condition KR < 1.
Case n > 3: Assume n > 3, and apply the Sobolev inequality in Lemma 2.17 to obtain

n—2
_2n_ n
</2 \W+1<751z|”‘2) < Csob </2 Vs (uer100))* + Kgob/z:u%—i-l(é?)

< Csob (/ Vs (ugr1de)|” + KgobGé> .
>

Since ug41 < ug and spt ¢y C Uy and ¢y = 1 on Upyq, then, by (2.10)

(2.10)

n—2
2n n
(2.11) / uy sy < Cp32Y((1 — 0)R)2d2Gy_y.
Upt1

By Hélder’s inequality and (2.9)

n—2

2n n
2 n
G = / Uppr S / Ut H"(De11)
Dyyq Ui

< Cp32Y((1 — 0)R)"2d2G_1 (471 d2GY)

RMIN

(2.12)

2
2
< Co128((1 — 0)R)2d "2 %G, 1.

Case n = 2: For n = 2, the Sobolev inequality in Lemma 2.17 gives

1/2 1/2 1/2
</Z U?ﬂﬁ) < Csob </z U%H%) </z Vs (ug1d0)” + Kgob/zuirﬂﬁ?)

so that
1/2

1/2
( /U u3+1> < Ceop G/ (00325((1 - U)R)—Zd—%;@,l)
£+1

< Cp32°((1 — o)R) 1d1Gy_y.
By Holder’s inequality,

2
Gry1 < < W+1> H"(Dps1)'?

(2.13) ¢ 15-1 41 -2\ 2
(0032 1—o)R)1d~ Gg_1> (4 +Hlg— Gg)
3/2
< Cp128((1 — 0)R) 1 2G2.
Notice that (2.12) and (2.13) are of the same form. More concretely, if we set
)2 ifn>3,
P ifn=2,
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and S; == ((1 — 0)R)""d"""2Gy;, then by letting £ = 2j + 1 in (2.12) and (2.13) respectively, we
obtain .
Sjy1 < 0012823+1S;+p"

for j > 0. The standard nonlinear iteration lemma (see [Bel25, Lemma B.1]) implies that there
exists a constant epg = epg(n, kx, Csob, Ccac, Cc) > 0 such that S; — 0 as j — oo provided
So < 52DG. Since {Gy}, is a non-increasing sequence, this means that

Gy — 0as £ — oo, provided that Gy < eb((1 — o)R)"d" 2,
as required. O
We shall always apply Lemma 2.18 in the following form.
Corollary 2.19. Under the assumptions of Lemma 2.18, let

E(R) = (R” /U ; u2>% :

Then there exist e, = €x(n, kx, Csob, Ccac, Ce) > 0 and Cy = Ci(n, ks, Csob, Ccac, Ce) > 0 such that
if
K.,R<1 and E(R) <e,(1—0)"?,

then supu < Cy (1 — 0—)—#2 E(R)%H

UoR
n+2 __2
Proof. This follows from Lemma 2.18. Indeed, let ¢, = epgks? and C, = ED&+2. Then, if
_ 2 "
E(R) <ei(1—0)V?, take d = ep > (1 — o) o2 E(R)ﬁ and apply Lemma 2.18. O

3. BOUNDARY-PARALLEL SHEETING

3.1. Geometric setup. Throughout this section, let us fix p € M, and let pg > 0 be such that
e the intrinsic geodesic balls Pr = BgM (p) are smooth and relatively compact in M for
0 < R < 2po;
e the normal exponential map Fyys of OM is a diffeomorphism of Py, %[0, 2p0) onto a relatively
open set.
For 0 < 9§ < 2pg, 0 < R < 2pg, define N(;F(PR) = FaM(PR X [0,5)). In particular, the distance
function dgp; to OM is smooth on N;:)O(ngo).
Let A > 0 be such that

(3.1) Vedon|? + [Vadon| + | Rmg | < A* - in Ny (Pay,).

Now let us assume as in Theorem 1.11 that 3 is a two-sided free-boundary minimal hypersurface
in V¥ (Pr) such that ¥ C N5t (Pg) for some & € (0, pg), R € (0, Rp), where Ry € (0, po) is to be
specified later depending on n and A only.

Definition 3.1 (Tilt function). Let X = Vxdgn, g = |X|g, and 6 := g(v, V&dgps). We shall refer
to g as the tilt function on X with respect to OM.

We start by computing the partial differential inequality satisfied by the tilt on X.

Lemma 3.2 (Differential inequalities for the tilt). Let (M,g) and Pgr be as above. Additionally,
let 3 be a smooth two-sided free-boundary minimal hypersurface in M as in Section 2 and assume
that X C ./\/'5+ (Pr). Let v be a choice of unit normal to 3, A its second fundamental form, and let
X, g,0 be as in Definition 3.1. Then g> + 60> =1. Set B = VédaM\Tg. Then the following hold.
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First, on {g > 0}, if v:= X/g, then
Vg =0A(-,v) + B(-,v)

and, for every v >0,
IVsg|* < (1+)(1 = g*)|A(,0)* + C(7) B
Second, assuming that (3.1) holds, then for every v > 0 on {g > 0}

n—1
oy = (L= AP = ) = (P 40 ) AP = lAPg? - Ol

Proof. Since dayy is the signed g-distance to P in N} (P), we have |V&dap|g = 1 in the tubular

neighbourhood. Thus V&dgy; = X + Ov along X, and so g2 + 6% = 1.
The identity V%da v = B+ 0A follows from the relation between ambient and intrinsic Hessians.
Indeed, for Y, Z € T,

Vidoa(Y, Z) = Vidor(Y. Z) + g(Vedorr, ) A(Y, Z) = B(Y, Z) + 0A(Y, Z).
By taking Z = X in this identity, we immediately obtain that

1
g9Yg=5Y (") = Vidou (¥, X) = B(Y, X) + 0A(Y, X).

On {g > 0}, writing X = gv, this becomes Yg = 0A(Y,v) + B(Y,v) as required.
Moreover, taking norms and using §2 = 1 — g2, we obtain

\Vidan > = |AP(1 — ¢%) + 20(A, B) + | B>

The classical Bochner formula on ¥ gives

2
Az% = |Vidom|* + (VsAxdon, X) + Rics (X, X).

Since Ax(9?/2) = gAxg + |Vxg|?, we get
gAxg = |Vidaor|? + (VsAsxdarr, X) + Rics (X, X) — |[Vyg|?.
The contracted Gauss equation gives, since H = 0,
Ricy (X, X) = Ricg(X, X) — Rmg(X, v, X, v) — |A(-, X)[%.

Combining this with the expansion of |V22da 1r)? yields the exact Bochner identity.
Now let v > 0. From the identity Vsg = 0A(-,v) + B(:,v) and Young’s inequality, we obtain

Vsgl? < (L+9)(1 = g*)|AC, v)[* + C ()| BI*.
By definition, |A(-, X)|? = g?|A(-,v)|?, so that
Vsgl? + |AC, X) 2 < (1L+7(1 = g*)IA(, 0) P + C() B
Since H = 0, A is trace-free. Hence, for every unit vector v, we have |A(-,v)|> < 2=1| A|%. Therefore,

n—1

Vgl + JAC, X[ < ( +7> A]2 + C(y) B

n
Again using Young’s inequality, we also bound

210(A, B)| < |A]?60° + C(7)|B = v]A]*(1 — ¢*) + C(v)|BI*,



REGULARITY AND COMPACTNESS THEORY OF STABLE FREE-BOUNDARY MINIMAL HYPERSURFACES 23

so that, after substituting into the exact Bochner identity, we obtain

n—1
sy > (L= AP - )~ (9 AP - C)lBE
+ (Vs Axdan, X) + Ricg (X, X) — Rmg (X, v, X, v).
Finally, since ¥ is minimal, Axdgys = try VédaM = Agdoy — ngaM(V, v). Differentiating this

expression tangentially gives terms involving ngaM, ngaM, and one derivative of v, hence one
factor of |A|, namely

[(VsAsdonr, X)| < (C(n)|Vidon| + 2| Al Vzdon)g.

By Young’s inequality, 2|A[|Vadarlg < v|A]?9*> + C(7)|Vadar|*>. The curvature terms can be
estimated by
|Ricg (X, X) — Rmg (X, v, X,v)| < C(n)| Rmg |g*.

Assuming (3.1) holds, this gives the final estimate, since 0 < g < 1 by definition. O

Next we compute the normal derivative of the tilt function along M.
Lemma 3.3. Let X, M, dyyr, and g be as in Lemma 8.2. Let n be the inward unit conormal to 0%
i . Then

g=1 and 0,9=0 ondX.

Proof. By definition of free-boundary minimal hypersurface,  coincides with the normal n to OM
along 0%. Since Pg is a relatively open subset of 9M and 9% C Pg, then n = V&dgpslos.

Hence, V&dy) is tangential to ¥ along 0% and so, by definition, V&dgprlgs = Vsdan|ox. In
particular, then, for every x € 0%

9(x) = |Vadon ()| = [VEdon (z)| = 1,
i.e. glox = 1. Since g% + 02 = 1 everywhere on ¥, then 0|ss = 0. Thus, on 9%
1

1
Ong = gOng = 587792 = —5&792 = —00,0 =0

as 6 vanishes on 0X. O

3.2. Caccioppoli-type inequality. We shall now prove the intrinsic (weak) Caccioppoli inequality
that will be used later to implement the iteration scheme a la De Giorgi.

Lemma 3.4 (Caccioppolgnequality). Let Y be a stable singular free-boundary minimal hypersurface
in M and assume that ¥ C N (Pgr). Assume that (3.1) holds. Then there exists a positive

dimensional constant C'(n) > 0 such that for every k € [0,1/(4n)] and every ¢ € Cg’l(/\f;g (PRr)),
we have

1
32 [ |ap (1—’“) F <o [a-mivsePear [ ).
2n Jig>ky g > {g>k)

Consequently,

(33) /{ N (1 - ’;) & < Cn) ( [ o= 1R (Tsp + 22 /{ . s02> |
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Proof. We shall first prove (3.2) and (3.3) for test functions ¢ € C2''(), and then extend to
compactly supported ambient Lipschitz functions by an excision argument, similar to the one in
Lemma 2.14.

Let Q. := {g > k}. By Lemma 2.16 for every compactly supported Lipschitz function { on %
and a fixed @ > 0 to be determined later, we have

[1ap¢ <+ a) [ 195+ Cnan? [ ¢
b b b
where C(n, ) only depends on n, . Let now ( = (g — k)4 to get
L1APG =13 < (1 +0) [ 195l =R + Clma)n? [ (o= kR
After integration by parts, we have
[ 195t k0P == [ (g-masg+ [ (g k7175l
b Q b
and the boundary term vanishes by Lemma 3.3. Hence,

/ AP(g— k)% < —(1+a) / (g- B)Asg® + (1+ ) / (g - B)2 Vol
Qp, Qp b

+Cma)t? [ (g b,
b
Notice that on €);, one has
k
(9 —k)Asng = (1 - g) gAsg,

so we can use the differential inequality for the tilt in Lemma 3.2 to obtain for v > 0 to be determined
later

~g-masg<— (1-5) [(@=na =) = Tt - =g ) 14R - Cln?].

Thus, after moving all the terms containing | A|? to the left hand side and using the obvious inequality
0<(9g—Fk)y <1, we get

Qasy|APe* < (1+0) /E(g — k)| Vsel® + (C(n,a) + C(n,v))/@/Q o

Q K

where

k n—1
Q= (g =0+ (1) (1= 5) (=) =t) = "t =y —ag?).
By direct computation,
k 1
Qay = <1_> < ra —k:g—ag2—2(1+oz)’y>.
g n
We can choose oo = oy, :==1/(8n) and v =, = 1/(16n(1 4+ «,)) to obtain
1+a

1
— kg —ag® -2(1 >
g—ag (+0é)7_2n

since k € [0,1/(4n)] and 0 < g <1 by definition. Inequality (3.2) then follows.
As for (3.3), recall by Lemma 3.2 on the open set {g > 0} we have Vxg = 0A(v,-) + B(v,-) for
the unit vector v = g~' X. Therefore, on ¥ C N} (Pg)

[Vsgl® < 20%|A]* + 2|BJ* < 2|A]” + 2|Vidan|* < 2|A* + 247,
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and (3.3) then follows from (3.2).

Finally, apply Corollary B.6 on a compact neighbourhood of spt ¢: there exist Lipschitz cutoff
functions x;, each supported away from S, such that 0 < x; < 1, x; — 1 locally on ¥, and
Js |Vsx;|?> = 0. We can then apply the smooth inequality (3.2) with test function y; to get

1 k
[ jap <1 - ) Bt <) [ (9= RE Vsl P+ Con? [ a3
n J{g>k} g by {g>k}

Since

IVs(xio)l? < 2x5|Vsel® + 207 Vax;l,
and 0 < (g — k)4 < 1, the contribution of the second term is bounded by [¢||% [5, |Vxx;|?, which
tends to zero. All other terms pass to the limit by Fatou’s lemma, the dominated convergence

theorem, and the local area bound, cf. Remark 2.7. Thus, letting j — oo, we obtain the asserted
estimate with |A|? on the left-hand side. Then (3.3) follows exactly as above. O

3.3. Proof of Theorem 1.11. We are now able to prove Theorem 1.11 by applying the iteration
lemma in Section 2.3.
Let us assume that (3.1) holds. Define Ky(n,A) := max{Kgon(n,A), Kcac(n,A)}, and set

1 1 _
(3.4) 0o == 5/)0, Ry = 5 mln{po,KO 1}.

Let ¥ be a stable singular free-boundary minimal hypersurface in M such that ¥ C N, 5+ (Pg) for
some 6 € (0,0p), R € (0, Ryp).
Then, for 0 < r < R define the Fermi cylinder C, by

(3.5) Cr = Fanr (Pr % [0,26)) = No5(Pr),
and consider the following tilt excess quantity:
1/2
(3.6) Es p(r) = <T”/ 92)
XNCr

where g is the tilt function in Definition 3.1.

Let us apply Lemma 2.18 with v = ¢ and k, = 1/(4n). Notice that Lemma 3.4 provides
the necessary Caccioppoli-type inequality (2.5). Therefore, by Corollary 2.19, there exist ¢g =
go(n,A) > 0 and Cy = Cy(n,A) > 0 such that

n 2
sup g < Co(1 — o) "2 Ex p(R)n+2
YXNCoyr

provided Ex p(R)? < &2(1 — 0)", which is the desired statement.

3.4. Proof of Theorem 1.12. We shall now prove our first sheeting theorem, Theorem 1.12. The
proof is similar to [Bel25, Section 5], to which we shall often refer.

Assume ¥ C N (Pr) = Fyn(Pr % [0,6)), and recall that Fyyy is a diffeomorphism Pg x [0, ) —
N7 (Pr). Let the inverse map Fj,} : Nj' (Pg) — Pg x [0,4) be given by (ma, daM)|N5+(PR)’ where
Topm 1s the nearest point projection map onto OM.

By Theorem 1.11 with ¢ = 3/4, we have that

(3.7) sup g < C’o(n,A)Egp(R)n%r?.
ZOC3R/4

. . 1
By decreasing ¢ if necessary, we may assume SUDSACyp 4 9 <z
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Step 0: XN Pyp/y = ). Suppose x € XN Py /4. By definition, the inner conormal n(z) of 0% at
x equals n(x) = vp(x). Hence, vp(x) € T, and g(z) = |pr0jgf”2ng3M(:U)| = |pr0jg1‘2yp(x)] =1,
contradicting (3.7).

Step 1: Local graphicality. Let ¢ : N — M \ S parametrise .. At every point of NV, (;r (Pr),

(3.8) Ker Dmgpr = span{V&dys}.

By (3.7) and (3.8), the differential of myps o ¢ is invertible at every z € N such that i(2) € C3p/4-
Thus the argument in [Bel25, Proof of Theorem 6] shows that there is a neighbourhood of z in N
the image of which is a smooth Fermi graph over an open subset of P /4.

Step 2: Finite covering away from the projected singular set. Let

I = worr (S N3 (Pagya)) € Pagja, B = Pygys \T.

Since H"2(S m./\[ig_(PgR/gl)) < o0 and 7gyy is a Lipschitz map in NVf (Pg), then H"~1(I') = 0. Since
S is closed, it is easy to see that I' is relatively closed in P3p/4. Then B is open in P3p/4 and path
connected (see [Bel25, Proof of Theorem 5]). Define

No = {z € N :1(2) € C3p/s, mom(t(2)) € B}

and T :=mpo|n, : No = B. By Step 1, 7 is a local diffeomorphism. Because of properness of ¢ as
an immersion into M \ S, one can check that 7 is also proper. Since B is connected, each connected
component of Ny is therefore mapped onto the whole of B. When restricted to each connected
component of Ny, 7 is a proper local diffeomorphism between connected smooth manifolds, so it
is a smooth covering map by [Leel3, Proposition 4.46]. In particular, for each y € B, #~!(y) is
finite. Its cardinality is a locally constant function on B, so it is constant as B is connected. Let
this cardinality be Q.

Step 3: Lipschitz estimate and extension across I'. By Step 2, for each y € B the normal fibre
F({y} x [0,0)) has exactly @ preimages in Ny. Order the heights of their images under ¢ counting
repetitions, and write 0 < ui(y) < ua(y) < --- < ug(y), for y € B, where the functions u; are
locally Lipschitz. Then,

(3.9) YNy (B) = U?leaM (graph(u;)).

Write F5,,8 = dt? + hy, where h; is a smooth family of metrics on P with hg = g|p,. It is easy to
check that for a smooth graph Glu] = Fyn ({(y,u(y)) : y € Pr}) on Pg with [V, don| < ¢ € (0,1),
then |Vapyu| < Crermi(n, A)e(l — 62)_1/2, where Cpermi controls the uniform equivalence of the

metrics (ht)efo,5) and depends on n and A by (3.1).
Since we can approximate curves in P3r/4 by curves avoiding I', we conclude that

Lipgyr(uj; B) < 2Cpermi sup g < C’(n,A)Eg,p(R)n%?.

EﬂC3R/4

By density of B in P3p/4, every u; extends uniquely to a Lipschitz function (still denoted u;) on
the whole of P3g/4, with the same bound on the Lipschitz constant, i.e.

(3.10) Lipgas (1) < C(n, A)Ex p(R) 2.
By density of the regular set in 3 and of B in Psp /4, We obtain
S NN (Psgya) = UL Fonr (graph(uy))

for the extended functions u;.
We can now prove (i) and (ii).
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(i) Assume H""%(S) = 0. Since mgys is Lipschitz on N (Pg), then necessarily #" *(T) = 0.
By [SW16, Appendix A], then B = P3p /4 \ I is simply connected. Therefore every connected
component of the covering 7 : Ng — B is one-sheeted. The components determine ) globally

defined, not necessarily ordered Lipschitz functions v1,...,vg : B — [0, ) such that
N 7T5]\14(B) = U]QleaM (graph(v;)).
Arguing as above, for every j € 1,2,...,Q, we can extend v; to a Lipschitz function defined

on the whole of P3g/4, preserving the Lipschitz constant. Clearly, H" (') = 0. Since ¥ N
P3gyy = (), the Lipschitz functions v; are weak solutions of the minimal surface equation
on the bounded open set B = P3p/4 \ I with a uniform bound on the Lipschitz constant.
Since the metrics (ht)te[o,é] are uniformly equivalent, in local coordinates the area integrand

L(y, 2 q) = (det ho(y))2(1 + 1Y (y)qiq;)"/? is uniformly elliptic. Therefore, the removal of

singularities result in Lemma A.2 applies, and S NN, 5+(P3 R/4) = 0.

Finally, the gradient bound ||Vv;l|cia(p, 1) follows from the combination of De Giorgi-
Nash—Moser theory and Schauder theory.

(ii) Assume instead ¥ is embedded. Then for every y € B the points of 3 lying in the normal
fibre are distinct, i.e. 0 < u; < --- < ug on B. Therefore, each u; is smooth on B. Since
H"L(T') = 0, as above by Lemma A.2 each u; extends to a smooth solution of the minimal
surface equation on the whole of P3p/,. Weak ordering is preserved, and, indeed, strict ordering

by the strong maximum principle for the minimal surface equation. Thus ¥ NN, 6+ (P3pya) is
a union of pairwise disjoint smooth graphs. In particular S N N, 5‘" (P3gya) = (). The gradient
estimates then follow from standard elliptic theory as in (i).

4. BOUNDARY-ORTHOGONAL SHEETING

4.1. Geometric setup. Let M be an (n + 1)-dimensional Riemannian manifold-with-boundary
as in Section 2, and assume OM # (). Let P be a (smooth) two-sided, embedded, n-dimensional
manifold-with-boundary in M that is diffeomorphic to a half-disc and whose boundary lies in OM.
In other words, P is the image of a smooth embedding e from B" (0) = {z € R" : |z| < 1,2, > 0}
into M and 0gP = e(0oB’} (0)) C OM, where 0oB" (0) = {x € R" : |2| < 1,2, = 0}. We shall
further assume that P N dM = JyP and P meets M orthogonally along 0gP. Let vp denote a
smooth choice of unit normal on P. Then by orthogonality to OM along 0y P, we have g(vp,n) =0
on Oy P.

Let p € 0o P, and, for 0 < R < %injp(P), let Pr denote the intrinsic half-ball Bg (p) in P centred
at p.

Definition 4.1 (Adapted p-neighbourhood). Let p > 0. An adapted p-neighbourhood of Pr in M
consists of a relatively open neighbourhood U C M of Pyp and a smooth function zp : U — R with
the following properties:

(i) danr is smooth in U;
ii) PNU = {zp = 0} and V&zp is a positive multiple of vp on PN U;

(ili) 3 < |Vezp| <2in U;

(iv) (Vezp,n) =0in UNIM.

(v) the flow ®7 of the vector field Z = 2222 defines a diffeomorphism Fy of Pyg x (—2p, 2p) onto

= [Vezp|

a relatively open (compactly contained in U) neighbourhood of Pyr in M by

(4.1) Fy(y,t) =97 (y) for (y,t) € Par x (=2p,2p).
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Remark 4.2. The essential datum in an adapted neighbourhood is the vector field Z. One could
instead prescribe a smooth unit vector field on a relatively open neighbourhood U of Psg, equal to
vp on Pyp and tangent to OM along OM N U, whose flow satisfies condition (v) of Definition 4.1.
With the derivative bounds (4.6), the flow estimate (4.7)—(4.8), and the ambient geometric bounds
used below, the e-regularity and sheeting arguments apply without requiring Z to be a normalized
gradient.

In particular, the tilt and Caccioppoli estimates involve only the first two derivatives of Z,
whereas deriving these bounds from Z = V&zp/|Vezp| requires control of three derivatives of zp.
The function zp therefore provides a convenient construction, rather than an essential ingredient of
the argument.

We now show that for every P as above, there exists p > 0 such that the half disc P, has an
adapted p-neighbourhood.

Lemma 4.3. Let P C M be as above and let p € OgP. Then there exists 0 < p < %injp(P)
sufficiently small such that P, has an adapted p-neighbourhood U in the sense of Definition 4.1.

Proof. Consider the smooth embedded relatively compact submanifold I" := 9y P of 9M. By [Gra04,
Section 3.1], there exists gg > 0 such that the normal exponential map Fr of I' in OM is a diffeo-
morphism of I" x (—gp, 0p) onto an open set Op in M. Since Or has compact closure in M, then,
as mentioned in Section 2, after shrinking gy if needed, the normal exponential map of M is a
diffeomorphism of Or x [0, gg) into a normal collar neighbourhood Ur of Op in M. In particular, the
composition of the two normal exponential maps gives a diffeomorphism ¥ of " x (—gg, 00) % [0, o)
onto Ur C M by

U:(q,s,r)—~ FaM(exng(syp(q)),r).

Let II be the map (q,s,7) — (q,7), and let IT : PN Ur — T x [0, 09) be defined by II = Mow1,
Since P meets OM orthogonally along T, for all ¢ € T" we have II(q) = (¢,0), and it is easy to
check that DIIy|7,p is an isomorphism. By the implicit function theorem, there is ¢ > 0 and
an open set U, C Ur such that for a neighbourhood I', of p in I' we have a smooth function
Y : Ty x [0, 0) = (—o, 0) with the property that

(4.2) PNU, ={%(q,¢(q;7r),7) :q €Lp,r €[0,0)}, ¢¥(q,0) =0, 0rp(q,0) =0.

Define the function zp on U, by zp(¥(q,s,r)) = s — ¢(g,r). We shall slightly abuse notation
and write zp(g,s,r) = s — (q,r). Notice that on U, N OM (corresponding to {r = 0}) we have
Opzp = —0pP(q,0) = 0, so (Vzp,n) = 0 on U, N IM. Moreover, O;zp = 1 everywhere, so that
dzp # 0. Since zp = 0 on P N U, and dzp # 0, then V&zp is normal to P on P NU,. Also, by
construction, |V&zp| = 1 on U,NIM, so that, by shrinking p if necessary, we have 1/2 < |V&zp| < 2

on U,.
By the flowout theorem (see [Leel3, Theorem 9.20 and Theorem 9.34]), there is p € (0, g) such
that (v) in Definition 4.1 is satisfied with U = U, and R = p. O

Remark 4.4. For the compactness argument in Section 5.3, it suffices to consider reference half-
discs obtained by restricting Fyy/ (I X [0, 0)) to a neighbourhood of a point of I'. In the coordinates
of the preceding proof, these are given by s = 0, so that ¢ = 0 and zp = s. By choosing T,,I'
appropriately, such reference half-discs realize every tangent half-hyperplane at p orthogonal to
OM . We nevertheless establish sheeting for arbitrary smooth two-sided reference half-discs meeting
OM orthogonally, since the argument applies in this greater generality.
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Assume p; > 0 is such that U; is an adapted pi-neighbourhood of P, C P as in Lemma 4.3.
Thus, for § € (0,2p1], R € (0,2p1], we can define
(4.3) NF(Pr) = Fz(Pg x (=4,0)).
Let the inverse map Fgl be given by Fgl = (nz,tz).

Remark 4.5. Notice that, since Z is tangential to dM along M NU; and does not vanish anywhere,
then the flow preserves M and the interior of M, i.e. Fz(0yPap, X (—2p1,2p1)) = N&, (Pap, )NOM.

2p1
Let A > 0 be such that
sup |Ap|® + sup [V pAp| + sup [VHAp[*/* < A%,

Pap, Popy Popy

(4.4) sup |V§daM’2 + sup ]nga]\ﬂ + sup |V§daM’2/3 < A27
U1 Uy U1
sup | Rmg | + sup [V Rmg [*/% + sup |VZ Rm, |2 < A?,
Uy Uiy Uy

where Ap denotes the second fundamental form of P in M.

Lemma 4.6. Let P, p1, Uy, zp and Z be chosen as above, and suppose that (4.4) holds. There
exists a constant 61 = 61(n, A, p1) > 0 such that for all 6, R € (0,61) the following estimates hold on
N‘QZ(S(PQR):

(4.5) \VEZPI < C(n)A, \ngﬂ < C(n)A?,
(4.6) VgZ| < C(n)A, |V3Z] < C(n)A>.

Moreover, the flow map Fy restricted to Pyg x (—28,26) is a diffeomorphism onto N&(Pag) and it
satisfies

(47) [DFz| +|D(F, )] < Cn).

Finally, if (y,t) € Parp x (—20,20) and x = Fz(y,t), then

(4.8) eTSJgI\) |f1‘<Z(x)’ (DyFz)(y1yv)| < C(n)(sup |VEZ|)|t| < C(n)Alt].
veTyY P,|v|=

Proof. Recall the construction in the proof of Lemma 4.3, and the definition of the map ¥ : 0y P, x
(=2p1,2p1) x [0,2p1) — Uy given by

V:(q,s,7)— Fapp (exng(sup(q)),r).
Let (g;;)1<ij<n+1 denote the pullback metric tensor ¥*g and let 6 = 6(n,A,p1) € (0,1/2) be a
constant to be determined in the proof; then let py := 26p;. By the estimates of [LZ21b, Appendix

A] and the Riccati equation, there exists a constant ¢g(n) such that, provided we choose 6 > 0 small
enough that ppA < c¢o(n), then

1
(4.9) 38Buc S8 < 28pue, [T(®)) < C(n)A,  [T(g)] < C(n)A?

on 9yP,, x (—pg,ps) x [0, ps), where by I'(g) we denote the Christoffel symbols of the metric g
and with OI'(g) the collection of their partial derivatives with respect to the coordinate vector
fields. Moreover, since D) = 0 on 0y FP,,, by shrinking 6 if needed, we can assume |[Dw)| < 1 on
0o P,, x [0,pg). Therefore, using the graph representation in (4.2) together with the equation for
the components of the second fundamental form of a graph, we obtain

(4.10) |D*)] < C(n)(supp,, |Ap|+L(g)]) < C(n)A
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on dyP,, x [0, pg). Finally, differentiating the equation for the second fundamental form components
in the tangential directions, we obtain

(411)  [D*| < C(n)(supp,, [VpAp| + |0T(E)| + (supp,, [Ap] + D) + D)%) < C(n)A?

after shrinking co(n) > 0 further, if necessary.

Recall in the proof of Lemma 4.3, we defined the function zp by zp(¥(q,s,r)) = s — (g, 7).
By differentiating the definition and using (4.10)—(4.11), it is immediate to obtain the higher order
estimates (4.5) in N, (P,,). Finally, by definition of Z, for every vector X,

(4.12) VEZ = |Vozp|  (1d - Z ® Z) (V22p(X,)F.
Therefore, (4.6) follows from (4.12) and (4.5).

By standard ODE theory, bounds on |Z],|V&Z], |V§Z|, together with (4.4), control the flowmap
Fz in C?. In particular, on P,, x (—pg, pe), after shrinking co(n) if needed, since |t| < pp and

poA < co(n), we obtain (4.7) and (4.8). Thus, we can let §; := $60p1, which satisfies all the required
properties. O

Now let us assume as in Theorem 1.14 that X is a two-sided free-boundary minimal hypersurface
in M such that ¥ C NEZ(PR) for some § € (0,91), R € (0, Ry), where Ry € (0,1) is to be specified
later depending on n and A only.

Definition 4.7 (Adapted tilt function). Let X = prong(Z), T = |X|g, and ¥ := g(v, Z), where Z
is the vector field in Definition 4.1. Then 7 is a tilt function on X, with respect to P, adapted to
OM. We will refer to it, for brevity, as the adapted tilt function.

We shall now compute the differential inequality satisfied by 7, and notice that it is very similar
to the inequality in Lemma 3.2.

Lemma 4.8. Let P,61,Z be as in Lemma 4.6. Additionally, let ¥ be a smooth two-sided free-
boundary minimal hypersurface in M and assume that ¥ C NJZ(PR). Let v be a choice of unit
normal to &, A its second fundamental form, and let T, X, be as in Definition 4.7. Then t2+9? = 1.
Let B be the (0,2)-tensor on ¥ corresponding to V&Z|rx,. Then the following hold.

First, on {T > 0}, if v:i=X/7, then

Ver =9A(-,v) + B(-, v)
and, for every v >0,
V2 < (14 7)1 = ) A(, ) + C(9)B

Second, assuming that (4.4) holds, then for every v >0 on {7 > 0}
n—1

n

rier 2 (1= AP - 7) = (20 4 ) AP - AlAPr? - o)A,

Proof. We shall follow the outline of the proof of Lemma 3.2, and highlight the analogies and
differences. Notice that |Z|; = 1 and Z = X + dJv along X, so that 72 4+ 9% = 1.
Analogously to Lemma 3.2, let B be the (0,2)-tensor on ¥ corresponding to V8 Z|ry, so that for
V.W e TS, B(V,W) is defined by B(V,W) := (V{,Z,W).
Notice that for Ve TS
VEX =V8Z — (VI — 9V = VEZ — (VI)v +9A(V, ).
If we take a tangential projection,

VVX = (V5 2)T +9A(V, )
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Therefore for V,W € T,
(4.13) g(VEX, W) =g(VyZ, W) + 9A(V, W) = B(V,W) + AV, W).
By taking W = X in this identity, we immediately obtain that
VT = V() = a(VEX, X) = BV, X) + DA(V, X).
On {7 > 0}, writing X = 7v, this becomes V1 = JA(V,v) + B(V,v), or, equivalently, Vy7 =
YA(-,v) + B(-,v). Taking norms, we obtain
|VeX|? = 92| A” + 20(A, B) + |B]> = |A]?(1 — 72) + 20(A, B) + |B*.

It follows from Young’s inequality that for any fixed v > 0

Vsr? < (L+ 1) |A(, 0) P + C(7)|B(- ).
Since 92 = 1 — 72 and |B(-,v)| < |B|, we obtain

Ve < (1+7)(1 = 7)A(, )2 + C()|BI*.

Let Y € T'Y be a tangent vector field. Then we have the following Bochner identity (see [Pet16,
Theorem 9.4.1])

Y 2
A2|2| = |V2Y‘2 + <Y, Vs divs Y> + <Y, diVE((VEY) — (VEY)*» + RiCE(K Y)

As in the proof of Lemma 3.2, since H = 0, by the contracted Gauss equation
Ricx(Y,Y) = Ricg(Y,Y) — Rmg (Y, v, Y, v) — |A(Y, )%
Now, letting Y = X in the Bochner formula, we notice that by (4.13),
divg X = trg(B+9A) =try B+ 9H = try B

since H = 0 by minimality of ¥. Moreover, let K denote the skew-symmetric (0,2)-tensor on 3
defined by K(V,W) = (VEX,W) — (V§,X,V) for V,IW € T%, and notice that this term does
not appear in the proof of Lemma 3.2, since in that situation Vy X is symmetric, because X is a
gradient vector field.

Since 7 = |X|g, we obtain

2
TAsT + |Vsr]? = Ag% = |[VsX ]2 + (X, Vs trs B) + (X, divs K) + Ries (X, X)

= |AP(1 — 7%) + 20(A, B) + |B|?
+ (X, Vy try B) + (X, divy K)
+ Ricg (X, X) — Rmg (X, v, X,v) — |A(-, X)|?,
so that
TAsT = |[AP(1 = 7%) — |AX,)|? — |Ver|* + 29(A, B) + |B|?
(4.14) + (X, Vy try B) + (X, divy K)
+ Ricg (X, X) — Rmg (X, v, X, v),

Because H = 0, A is trace-free. Hence, for every unit vector v, |A(v,-)> < 2=1|AJ?, and

Vsl < ()1 - 72) (P ) AP + OB
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The same computations as in the proof of Lemma 3.2 also show that
n—1
ACXOP + 9572 < () 142 + CoiBP
and
2|9(A, B)| < 7] AP9? + C(y)[B]* = 7|AP(1 = 72) + C(7)|B|*.
For the remaining terms in (4.14), similarly to Lemma 3.2, we have
Vs trs B + | divs K| < C(n)(|V:Z] + |Al|VEZ]).
The bound in terms of A then follows from (4.4) since
| Ricg (X, X) — Rmg (X, v, X, )| < C(n)| Rmg |72
O
We also need to estimate the boundary normal derivative of the adapted tilt function along OM.

Lemma 4.9. Let n be the inward unit conormal to 0% in X. Along 0¥ N {r > 0} we have
10,7| < [Hpnm| + |VEZ]| pointwise.

Proof. Let us differentiate the function ¢ in the direction of the unit conormal n to 0% along
0¥ N {r > 0}. Notice that Viv € TS, so that

oY =g(Viv, Z) + g(v, V5 Z) = g(Vir, X) + g(v, V5Z) = —A(n, X) + g(v, V52).
By definition, Z is tangent to M in IM NNZ (Pg). Therefore, along 0LN{r > 0} C IMNNZ (Pr),

we have
g(X,n) = g(Z —dv,n) = g(Z,n) — Jg(v,n) = 0,

and X is also tangent to OM along 0. Hence, by symmetry of the second fundamental form and
the free-boundary condition

A(n, X) = A(X,n) = —g(Viv,n) = —g(Viv,n) = —Ton (X, v)
and

O = lpp (X, v) + g(v, V3Z).

Clearly, [Tgp (X, v)| < [Man||X||v| = T|Maar|. Moreover, since |Z|g = 1,

8(v, Vi 2)| = lg(v =92, V3Z)| < |v = 9Z|In||VEZ| = T|VEZ].
Finally,

7|0y7| = [90p9]| < 9|7 (Mon| + [VEZ]) < 7([Wonr| + [VEZ])

since || < 1. This concludes the proof. O

4.2. Caccioppoli-type inequality. We shall now move to the weak intrinsic Caccioppoli inequal-
ity. As in Section 3, we start with the smooth case, and then extend it to the singular set using the
vanishing 2-capacity assumption on S.

Lemma 4.10 (Caccioppoli inequality). Let ¥ be a stable singular free-boundary minimal hyper-
surface in M and assume that ¥ C N(;Z(PR). Assume that (4.4) holds. Then there exist a positive
dimensional constant C(n) > 0 and a constant Kcac = Kcac(n, A) > 0 depending on n and A such
that for every k € [0,1/(4n)] and every ¢ € 02’1(/\/5 (Pr)), we have

1

k
wim) o[ ap(1-E)e<ow ( [ (= 0319soP + R | &) .
N J{r>k} T by {r>k}
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Consequently,

1 k
@10 o [ werk (1-8) ¢ <co ( [ = wR1vsel + K2 [ ¢2> .
{r>k} T by {r>k}

Proof. We shall first prove (4.15) and (4.16) for test functions ¢ € Co''(X), and then extend to
compactly supported ambient Lipschitz functions by an excision argument, similar to the one in
Lemma 2.14.

Let Q == {7 > k}, and apply Lemma 2.16 to ( = (7 — k)1 to obtain

(4.17) / AP — B2 < (1+a) / Vs((r — B)e)f? + Cn, a)A / (r— k)2

Let J == [, |Vs((T — k)+¢)|* and integrate by parts to get

(4.18) /E Vs((r— K)po)P = — /Q (LI /E (r — K2 Vsl /a o, RO

By Lemma 4.8, on 2, we have

n—1

119) ~(-0asr< - (1-5) [(@-ma - - Tt o 20 1R - cmn?.

T

Then becomes

17)
( ) ( —k)+(1+a) (:L e 27)> | A|?p?
<

(1+0) / (r — 12 |Vsgl? + C(n, a)A? /E (r— B)20% + (1 + a)C(n,7)A? / e

Qp
-1+ / (1 — k)4.0,79°.
0XNQy

The same choices @ = ay,,y = v, (depending on n only) as in Lemma 3.4 make the coefficient
in front of (1 — k/7)|A*¢? bounded below by 1/(2n) + 1/(8n%) > 1/(2n). Also, noticing that
0<(r—k)y <1and (7 — k)+ = 0 outside Q, we can write the previous inequality as

1 k
= (1 - ) AP < Cm) [ (7= W2 Tspl + Cn,) [
n Qp T » Qp
—C(n) / (1 — k) 10,7¢>.
%N,

Let us now deal with the boundary term. Let By = faZan (1 — k)4+0,7¢?. By Lemma 4.9,
| Bi| < (SUP|H8M| + sup IVgZ|>/ (T —k)4p? < C(n,/\)/ (T — k)sg?
U NZ(Pr) ox 0%

where the second inequality follows from Lemma 4.6 and (4.4). By Lemma 2.14,

/ (r—k)sg? < / PIVsr| 42 / (= k)40 Vso] + Cerlm, A) / (r — k) 4™
oy Qe b

3
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For every A > 0, by the weighted Young inequality

C(n, A) ( / SIVsr| 42 / (T—k)+90lvzs0) <A / Vsl + / (r — k)2 [V’
Qk D) Qk ¥

+CNCn, A) /Q o

Similarly, since (7 — k)4 < 1g,, we can write [y.(7 — k)4¢? < ka ¢%. Thus,

|Bi| < /\/ @2\V27’]2+/(T— k)i[VzMQ%—C’(A)C(n,A)/ 2.

Since oV (T —k)+ = Vs ((T—k)+¢) — (T — k)4 Vs, we have the obvious inequality [ ¢?| V(T —
k)42 <2J 42 [(T — k)2 |Vsep|?, so that

(4.20) ’Bk‘ <2)2J + C(TL, )\)Rk

where Ry, == [(7 — k)2 |Vsp|> + C(n, A) fﬂk ©>.
Recall that by (4.18) and (4.19), we have

k
(4.21) J < C(n)/ (1 - T> |A?p* + C(n)R + | Bl
Qp
Therefore, by combining (4.20) and (4.21), we obtain

|Bi| < 2X <C(n) /Qk (1 - ’T“) |AP2¢? + C(n)Ry + |Bk\> + C(n, N Ry,

ie.
20C(n) k 9 9 2AC(n)+C(n,\)
4.22 Bl < 1—-—11]A4 Ri-
(4.22) B < PEE [ (12 apgr o BEEE S Ar,
By choosing A > 0 small enough (depending on n only) that 2?92(2) < 8#, we can reabsorb the

multiple of ka (1 — %) |A?¢? coming from (4.22) into the left hand side and obtain the desired
inequality.

Finally, for ambient test function ¢, first apply the inequality to x;¢, where x; are the cutoff
functions of Corollary B.6, chosen to equal one in the limit on spt ¢ \ S, then take the limit as in
the proof of Lemma 3.4. U

4.3. Proof of Theorem 1.14. Asin Section 3, we can now conclude the argument for Theorem 1.14
by applying the iteration lemma in Section 2.3.

Let us assume that (4.4) holds. Define Kj(n,A) := max{Kgoh(n,A), Kcac(n,A)}, let §; be as in
Lemma 4.6, and set

(4.23) Ry = %min{él,[(l_l}.

Let ¥ be a stable singular free-boundary minimal hypersurface in M such that ¥ C N (;Z (Pg) for
some 6 € (0,01), R € (0, Ry).
Then, for 0 < r < R define the adapted cylinder CZ by

(4.24) CZ = Fz(P, x (—26,26)) = N55(P,),



REGULARITY AND COMPACTNESS THEORY OF STABLE FREE-BOUNDARY MINIMAL HYPERSURFACES 35

and consider the following adapted tilt excess quantity:

1/2
(4.25) EZ p(r) = (r" / 72>
zNCZ

where 7 is the adapted tilt function in Definition 4.7.

Let us apply Lemma 2.18 with v = 7 and k., = 1/(4n). Notice that Lemma 4.10 provides
the necessary Caccioppoli-type inequality (2.5). Therefore, by Corollary 2.19, there exist e =
e1(n,A) > 0 and Cy = C1(n,A) > 0 such that

n 2
sup 7 < Ci(1 —o0) nt2 EgP(R)nT?
£NCZ,

provided E% p(R)? <&%(1 — o)™, which is the desired statement.

4.4. Proof of Theorem 1.15. The proof of the second sheeting theorem, Theorem 1.15, is rather
similar to the proof of Theorem 1.12.
Assume ¥ C NZ(Pg). By Theorem 1.14 with o = 3/4, we have

(4.26) sup T < C’l(n,A)EgP(R)n%?.

Z
SNCZ 4

[ =

By decreasing e if necessary, we may assume SWpgncz, 7 <
Step 0: (X\ 9X) N 8MﬁC§R/4 =0. Let ¢ : N - M \ S parametrise . If z € N\ 9N and

x = 1(z) € OM NC%,,,, the function dgys ot has a local minimum at z, and d(dgps ot), = 0, so that

3R/4°
T, C T,0M. By dimension counting, 7% = T,0M, which implies that 7(z) = 1, contradicting
(4.26).
Step 1: Local graphicality. Notice that
(4.27) Ker(D7y), = span{Z(x)}

for every © € NZ(Pgr). As in the proof of Theorem 1.12 in Section 3.4, if z = 1(z) € C3ZR/4 for some
z € N, we can show that D(mz o), is an isomorphism. If z € N, the same argument and the
identity 7z(OM) = P N 9M show that in this case mz o ¢ is a local diffeomorphism of manifolds-
with-boundary. In particular, similarly to Section 3.4, for every z € N such that ¢(z) € CSZR /4 there

is a (relatively open) neighbourhood (in N) the image of which is a smooth graph over a relatively
open subset of P3g /4 via the map F.
Step 2: Finite covering away from the projected singular set. Let

Iy =mz(S OW(P:;R/D) - pSR/4a Bz = Pypjs \T'z.

As in the proof of Theorem 1.12, H" }(T'z) = 0. By the same argument as in the proof of Theo-
rem 1.12, 'z is relatively closed, and Bz is open, dense and path-connected in P3p/4. Define

Nz ={z€ N:uz) € CBZR/4, nz(u(2)) € Bz},

and 7z == mzot|n, : Ny — By. By Step 1, 7wy is alocal diffeomorphism of manifolds-with-boundary
and, by properness of ¢ as an immersion into M \ S, it is also proper. Again, as in the proof of
Theorem 1.12, it is a finite covering map of some degree Q.

Step 8: Lipschitz estimate and extension across I'y. By Step 2, after ordering the preimages in
the Z-fibre Fz({y} x (—6,6)), we obtain locally Lipschitz functions u?,... ,ug such that uf (y) <



36 COSTANTE BELLETTINI, MARTIN LI, DAVIDE PARISE, AND LORENZO SARNATARO

- < ug(y) for all y € By. Hence,
(4.28) YN, (Bz) = U?Zle (graph(ujz)).

For a smooth graph G[w| = Fz({(y,w(y)) : y € Pr}) on Pg and v € T, P, where x = Fz(y, w(y)),
consider the vector

V(z) = (DyFz) (yw(y)) (v) + dwy(v) Z(x) € T,Glw]
Since |Z|g = 1, by taking the inner product with Z, we have

dwy(v) = (V(x), Z(2)) = (DyFz) (yu(y)) (v), Z(2)).
Thus, by Lemma 4.6,
|dwy (v)] < [projg=1 Z(2)||V ()] + [((DyF2) (g (v), Z (@)
< [projg* 1 Z(2)|(C(n)|v] + |dwy (v)]) + C(n)Ado].

If |projg“”G[w]Z(w)| < 1/4 (as is the case for our graphs ujZ, where this is just 7), then
[dw,(v)] < C(n, A) (|projF= 1 2 ()| + 8) Jo].

Since we can approximate curves in P3r/4 by curves which avoid I'z, by (4.26) we conclude that
Lipp(uZ; Bz) < C(n, A) (5 + Eg,P(R)n%) .

Similarly to the proof of Theorem 1.12, by density of Bz in Psg 4, every ujZ extends uniquely to

a Lipschitz function (still denoted u]Z ) on the whole of P34, with the same bound on the Lipschitz
constant, namely

Lipp(uf) < C(n, ) (8 +BE p(R)752) .

Finally, showing that ¥ N NZ (Psp /1) = UJQ:1 F. Z(graph(ujz )) follows from the same argument as in
the proof of Theorem 1.12.

As in Section 3, we can now prove (i) and (ii).

(i) Assume H"2(8) = 0. Since 7z is Lipschitz on NZ(Psp/4) by (4.7), then H"2(T'z) = 0. By
reflecting across 0yPgr and applying the result in [SW16, Appendix A], we see that Bz must
then be simply connected, so every component of the covering 7z : Nz — Bz is one-sheeted.
As in the proof of Theorem 1.12, this determines ) globally defined, not necessarily ordered

Lipschitz functions v#, ... ,UCZ2 : By — (=46, 0) such that

S N7yt (Bg) = UL Fz(graph(v?)),

each of which extends to a Lipschitz function (still denoted ij ) on the whole of Psp /4, pre-
serving the Lipschitz constant.
As in the proof of Theorem 1.12, I'z is relatively closed and H" }(I'z) = 0. Notice that

the flow of Z preserves OM, so the vertical variation v]-Z + ty is admissible on Bz up to the

boundary 0y P3g/4. Therefore, the Lipschitz functions ij are weak solutions of the minimal

surface equation (with a uniform bound on the Lipschitz constant) for test functions compactly
supported in Bz. By direct computation, the area integrand L(y, z, q) in the local coordinates
induced by the diffeomorphism ¥ (in Lemma 4.3) is uniformly elliptic by Lemma 4.6. There-

fore, Lemma A.2 applies and the ij extend smoothly across I'z all the way to the boundary,

so that SNNZ(Pgjs) = 0, as required. The bound on HVUJ-ZHCLQ(
elliptic regularity theory as in the proof of Theorem 1.12.

Psp/a) follows from standard
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(ii) Assume now X is embedded. Then for every y € By the points of ¥ lying in the Z-fibre
are distinct and u¥ < uf < --- < ug on Bz, so that each u]Z is smooth on Bz. The same

removability argument as above (since H"~1(I'z) = 0) implies that the u]Z are globally smooth,
and weak ordering is preserved. Strict ordering is also preserved by the strong maximum
principle for the minimal surface equation in the interior and by the corresponding boundary
strong maximum principle (Hopf lemma) using the uniformly oblique boundary condition.
Thus X NCZ, /4 1S a union of pairwise disjoint smooth graphs and SNNZ (Psp /4) = 0. Finally,
the gradient estimates follow from standard elliptic regularity theory as in (i).

5. COMPACTNESS

In this section we give a proof of Theorem 1.1. This roughly follows [SS81] and crucially uses
Theorem 1.12 and Theorem 1.15, proven in the previous sections.

5.1. From height to tilt. We start by proving two propositions bounding the tilt excess by the
L? and L' norms of the height. This will be used later in the proof of compactness to deduce from
the varifold convergence smallness of the tilt, and consequently that we are in a regime in which
we can apply the sheeting theorems. The Euclidean interior analogue is the standard tilt excess
inequality (see e.g. [Bel25, Remark 4.2]).

We start with the boundary parallel case and then move to the orthogonal one.

Proposition 5.1 (Tilt-excess estimate). Let M, P, pg, Ry be as in the statement of Theorem 1.11,
and let 6 € (0,p0), R € (0, Rll)' Suppose ¥ is a singular properly immersed free-boundary minimal
hypersurface in M such that & C N3 (Pg). Then, there exists C(n, A) > 0 such that for 0 < 2r < R
the following estimate holds

1 9 1 C(n, A)

5.1 — = — Vsdgy|? < d? 2donmr)
(5-1) rn Emcrg rr EmCT| zdonl” < rnt2 /EHCQT( om T 8M)

where g is the tilt function in Definition 3.1.

Proof. Consider the vector field X (z) = dgps(z)p?(x)Vedaps(x), where ¢ € CL(Cy,) is a smooth
cut-off taken to be identically 1 on C, and satisfying |V¢| < C/r (for some absolute constant C).
In particular, X(x) = 0 on dM so that we can test the first variation with it. In particular, by
free-boundary stationarity

0= / divy X = / ©*9” + 20darnt Vs, Vedan) + ¢ don trs Vidans,
s >

since the mean curvature of ¥ is assumed to vanish in ¥\ 93 by Definition 2.2. Hence,

/ g < / v?g* < 2/ WzdaMlldaMVsz\/ﬁ/ p?dor|Vydow|
£NCy DY z =

from which (5.1) follows by Young’s inequality and (1.2). O

Proposition 5.2 (Orthogonal tilt—height excess estimate). Let M, P, p1,d1, R1 be as in the state-
ment of Theorem 1.14. Let zp and Z be as in Definition 4.1, and let § € (0,61),R € (0, Ry).
Suppose X is a singular properly immersed free-boundary minimal hypersurface in M such that
¥ C NZ(Pg). Then, there exists C(n,A) > 0 such that for 0 < 2r < R the following estimate holds

5.2 — 22
(5:2) ™ Jencz rit? /EOCQZT (zp+7" |ZP|)’
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where T is the adapted tilt function in Definition 4.7.
Moreover, since |Vyzp|? = |V82p|212, the same estimate holds, up to increasing the constant C,
with |Vszp|? in place of T2.

Proof. Let W := |V82p|~1Z and notice that 1/2 < |W|y < 2 by Definition 4.1. For 0 < 2r < R
choose a cutoff x on Pr which is compactly supported on P, and such that 0 < y <1, and y =1
on P,, as well as |Vpx| < C/r, where C' is an absolute constant. Then pick a compactly supported
vertical cutoff § > 1|_s 5 supported in (—24,20) and let ¢ = (£ o tz)(x o 7z), so that ¢ =1 on c?
as well as spt(p) N X C CZ.. Also, ¢ satisfies |Vp| < C/r, where C depends on n, A, p; only.

Consider then the vector field Y = ¢?2zpW. Since W is tangent to M along M NNF (Pg), then
Y is an admissible vector field for free-boundary stationarity and fz divy Y = 0. Notice that

Z
> =127 =12

" [Vezp|

(5.3) (Vszp, W) = <Vg2p|ZT

Therefore,
dive Y = divs(p*2pW) = p*(Vszp, W) + 202p(Vsp, W) + ¢?zp divg W
=’ 4 2gozP|Vg2p]_1<Vg<p, ZT) + @2zp divs W.

Notice that
divs W = |VE2p| tdivs Z — (Z,|VE2p| 2V |VEzp|)

so that |divy W| < C(n)(|VeZ] + |V§,2p|) < C(n)A by Definition 4.1 and Lemma 4.6. Combining
all of the above, we obtain

(5.4) /@27'2 §4/ olzp) va\r+0(n)A/ 2|25,
> > >

By Young’s inequality, 4¢|zp||Vxg|T < 30?72 + 82%|Vxyp|?. After absorbing the first term into
the left-hand side, it follows that

(5.5) /&2 < 16/ 212D|V290|2+C(n)A/ 2lzpl.
b b)) b))
Using properties of ¢, we conclude that
C
(5.6) / 22 < 2/ 2123+C’(n,A)/ 125,
»ncz = Jencg. »NCZ.

Dividing by " proves (5.2).
Finally, |Vszp|? = |(V82p)T|? = |Ve2p|?|ZT|? = |V82p|?12. Thus, (1/4)72 < |Vszp|? < 472,
which proves the corresponding estimate for |Vyzp|2. O

Remark 5.3. The height-tilt estimate also admits a formulation using only Z described in Re-
mark 4.2, right after Definition 4.1. In that formulation, use the flow time tz as height. Since
Z(tz) =1 and V&tz = Z on P, the derivative and flow estimates give

‘Vgtz — Z| < C(n)A‘tz|

Testing free-boundary stationarity with p?t;Z therefore yields (5.2) with tz in place of zp: the
error in replacing (Vstz, Z) by 72 is bounded by C(n)A|tz|7, and hence by the linear height term
already present in the estimate.
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5.2. Free-boundary stationary varifolds. Notice that Definition 2.6 implies that a singular
properly embedded!? free-boundary minimal hypersurface ¥ defines an integral varifold V = |¥| :=
v(X,1y) on M. We refer to [Sim83] for the definition and basic properties of varifolds.

We define the reqular set reg V of such a varifold to be:

there exists r > 0 such that spt ||V|| N B,(z) is a smooth }

reg(V) = {x €spt|[V]]: embedded hypersurface-with-(possibly empty) boundary in dM

If x € reg(V) and spt ||V|| N B, (x) is a smooth embedded hypersurface-with-boundary I', then we
say x is a regular interior point (denoted z € reg;(V)) if x € I'\ 9T, and x is a reqular boundary
point if x € OT' (denoted x € regy(V')). Moreover, we define its complement to be the singular set
sing(V') of V' by
sing(V') := spt ||V \ reg(V).

As we mentioned in Remark 2.8, given a singular properly embedded free-boundary minimal hyper-
surface X, its closure ¥ in M, § = ¥\ ¥, and the corresponding multiplicity-one varifold V = |3,
we can redefine § and ¥ so that

reg(V) =%, reg;(V)=3\0%, reg,(V)=090%, sing(V)=S.

By (1)-(2) in Definition 2.2 and the discussion in Appendix B, the multiplicity-one varifold V'
associated to a singular properly embedded free-boundary minimal hypersurface X also satisfies an
additional variational property, indeed such a V' is free-boundary stationary in M. See [LPS24] for
more details on free-boundary stationary varifolds. Some of the basic properties of free-boundary
stationary varifolds which are needed in this paper are also briefly recalled in Appendix C.

For the multiplicity-one varifold V' associated to a singular properly embedded free-boundary
minimal hypersurface ¥, we can easily compute the first variation 0V (X) for all compactly sup-
ported vector fields X € X(M).

Lemma 5.4. Let ¥ be a singular properly embedded free-boundary minimal hypersurface in M and
let V.= |X| be its associated multiplicity-one varifold. Then

(5.7) SV(X) = — / g(X,n)dH™ 1 for all X € X(M),
)3

where n denotes the inner unit conormal of 0% in X. Hence, for all K @ M, if K € int K’ € M,
then

(5.8) sup{|6V(X)|: X € X(M),|X|s <1,spt X C K} < C(K)YH"(ENK'),
i.e. the integral varifold || has locally bounded first variation.

Proof. Notice that for all vector fields X supported away from the singular set S, then (5.7) holds
because of Definition 2.2. On the other hand, for a general X € X(M), if we let {x;} be the
sequence of test functions in Corollary B.6, then X; = x;X is supported away from the singular
set, and the same excision argument as in the proof of Lemma 2.14 proves the general result. [

Remark 5.5. Notice that our proof crucially uses the property that V is induced by a singular
properly embedded free-boundary minimal hypersurface. On the other hand, (5.8) holds in general
for free-boundary stationary varifolds, albeit with a more involved proof. The proof under the
assumption of integrality is in [Ede20, Proposition 3.2], and in full generality in [DM21, Theorem
1.1].

10Most of the results in this specific subsection do actually hold for singular properly immersed free-boundary
minimal hypersurfaces ¥ with minimal changes in the statements and proofs.
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The results that follow, although stated for varifolds induced by singular properly embedded
free-boundary minimal hypersurfaces, hold for general free-boundary stationary integral varifolds
and sequences thereof. See [LPS26] for a detailed treatment in this level of generality.

In this paper, we chose to restrict our treatment to varifolds induced by singular properly em-
bedded free-boundary minimal hypersurfaces for the sake of simplicity and to offer a (more) self-
contained presentation. Indeed, this special case will be sufficient for the applications in this paper,
provided we supplement it with the following (elementary) observation.

Remark 5.6. The conclusions of Proposition 5.7, Lemma 5.8, Proposition 5.11, and Proposition C.7
also hold for varifold limits of sequences of of singular properly embedded free-boundary minimal
hypersurfaces in M with locally bounded mass. (This will be needed in Section 5.3 and Section 5.4).

By Allard’s Compactness Theorem [All72, 6.4] and Lemma 5.8, we have the following.

Proposition 5.7. Let (3j) be a sequence of singular properly embedded free-boundary minimal
hypersurfaces in M and, for each k, let Vi, = |3i| be the associated multiplicity-one varifold. Assume
that for each K € M

(5.9) Sup [Vil[(K) < C(K) < 4o0.

Then, up to a subsequence (not relabelled), there is a free-boundary stationary integral varifold Voo
on M such that

(5.10) Vi = Voo in the sense of varifolds.

In particular, 0V, — 0V and the limit has locally bounded first variation. Moreover,
(5.11) spt [|[Vil| = spt [|[Va|

locally in Hausdorff distance.

Proof. The first variation hypothesis in [All72, 6.4] is fulfilled, in view of Lemma 5.4; this yields the
subsequential limit V. The only conclusion that needs justification is (5.11), which follows from
the standard proof for stationary integral varifolds (as remarked e.g. in [SS81, Remark 10]) once
the following lemma is established. O

Lemma 5.8. Let X be a singular properly embedded free-boundary minimal hypersurface in M and
let V= |X| be the associated multiplicity-one varifold in M. Then for each compact K C M there
exist constants cx > 0,Ck,rix > 0 such that

(5.12) cxr” < |VII(Br(y)) < Crr”
forally e spt|V||NK,0<r<rg.

Proof. Let K C M be compact and pick rx > 0 small enough that

o if K C M\ OM, 2rg <inf,cx inj,(M);
o if KNOM # 0, Fyyy is a diffeomorphism of (KNIM) x [0, 2rk) onto the collar neighbourhood
N3 (K NOM) and 2rg < inf, e (knoan inj, (M).
TK

Then notice that by [Sim83, §17] and [GLZ20, Theorem 3.4] there exist constants A, Abd depending
on supg | Rmg | and SUDA (ko) |Vadans| such that for all y € K
TK

(513) eA}?tgw < eA}?tpM

a" o whenever B,(y) NOM = 0,0 < o < p <rk,
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and
eA*;gUHVH(Ba(y)) < eAt;gpllVH(Bp(y))

on - P

For simplicity we shall prove the dnsity ratio lower bound in (5.12). The proof of the upper

(5.14) whenever y € KNOM,0< 0 < p <Tk.

bound follows a similar strategy. Choose ¢ = 16 " w,e ™2 max{ARLAR e 0, and consider first a
regular point y € ¥. If y € 0%, then ©(||V|[,y) = 1/2 and, by (5.14), we can conclude (5.12) holds
for 0 < r < rg. Similarly if y € (X \ 9X) N OM.

Now fix r € (0,rg). Since y € ¥\ 0%, then O(||V|,y) = 1 and d = distg(y,0M) > 0. If
d >r/4, then B, 3(y) € M\ OM and (5.12) follows from (5.13). On the other hand, if 0 < d < r/4,
then let § = moar(y) be the nearest boundary point to y. By interior monotonicity at y at scale
d/2, |[V[(Bas2(y)) = cxd". Since Bgja(y) C Ba2a(9), [IVI[(B2a(9)) > ck(2d)". By boundary
monotonicity (5.14) from scale 2d to scale r/2,

IVIB2@) _  IVIBa@) -
rj2)r = @ar K

after absorbing exponential factors in the constant. Since B, 2(4) C By (y), then (5.12) follows.
Finally, for a singular point y € S, choose regular points ¥ 3 y, — y, and notice that for all

sufficiently large ¢, B, /2(ye) C B:(y), so (5.12) at y follows from the statement for regular points

we have just proven. ]

Remark 5.9. A quantitative version of the density lower bound in Lemma 5.8 follows from [MS22,
Theorem 9.22].

Remark 5.10. It is easy to see that the conclusion of Proposition 5.7 still holds if each ¥ is a
singular properly embedded free-boundary minimal hypersurface in (M, gy) where the metrics gi

converge in 01200 to a smooth metric g on M.

The notion of a tangent cone will be central to our analysis. We shall provide the definition and
recap the basic properties of tangent cones to free-boundary stationary varifolds in Appendix C.
For the purposes of the proof of Theorem 1.1, the following proposition will suffice.

Proposition 5.11. Let ¥ be a singular properly embedded free-boundary minimal hypersurface in

M and let V = || be the associated multiplicity-one varifold. If v € spt||V] = ¥ C M, then
VarTan(V, x) # (). Moreover,

(1) if v € M\ OM and C € VarTan(V,x), then C is a stationary integral cone in (T M, gruc)
of density O(|V], z);
(2) if v € OM and C € VarTan(V,z), then C is a free-boundary stationary integral cone in
TS M, gguc) of density O(|V]],z), and C = C + (6)sC is a stationary integral cone in
x #
(T M, grue) which is invariant under 0y, where 0y denotes the reflection across T,(OM) C
ToM in (T M, gruc).

Finally, we shall need a version of Almgren’s stratification for free-boundary stationary integral
varifolds V. See Appendix C for the relevant notation and the statement of the relevant stratification
result and [LPS26] for a proof.

We can now proceed with the proof of the Compactness Theorem (Theorem 1.1). Fix a compact
K C M and assume without loss of generality (by Proposition 5.7) that the multiplicity-one varifolds
Vi associated with X converge in K to a free-boundary stationary varifold V. We then begin by
analysing the possible tangent cones of V.
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5.3. Top-dimensional stratum. We first analyse the top-dimensional part of the singular stratum
of V, i.e. those (a priori, singular) points such that at least one tangent cone C is such that C has
spine of dimension 7.

Proposition 5.12 (Regularity at flat tangent cones). Let z € spt ||V|| and assume C € VarTan(V, x)
is such that dim S(C) = n. Then x is a regular point of V and VarTan(V,z) = {C}, i.e. the tangent
cone at T 1S unique.

Proof. For the sake of brevity, we shall focus on the case of x € spt ||V| N M. The interior case
is almost identical to (and, indeed, slightly simpler than) (1) in the dichotomy below. So, for the
rest of this proof, let x € spt |V N dM, and, for simplicity, let H = T, M, H, = T,/ M, and
T=0H, =T, 0M.

By the constancy theorem [Sim83], C = Q|II| for some n-plane II. By Proposition 5.11, the
doubled cone C is invariant under the reflection 6y across T. Hence, we know that the normal to II
is an eigenvector of the reflection map. Consequently, there are two options:

(1) I = T,0M, in which case Q is even and C = (Q/2)|T,0M]|.

Let the notation be as in Appendix C, so for » > 0 the map ¥, , : Hy N Bﬁlpm (0) — M is
the rescaling map in (C.2) with inverse ®,,, and g, = r~2¥} g as a metric on (a subset
of) Hy. By definition (see Appendix C.2 together with Remark 5.6), there exist positive
numbers 7; — 0 such that the free-boundary stationary integral varifolds W; = (®4,, )4V in
(H4,gi) converge locally to (Q/2)|T| C Hy, where for simplicity we let g; == g, ,,. Let d;
denote the g;-distance function to 7" in (H;,g;). Moreover, for each ¢ and R > 0, let Pf{ be
the intrinsic ball in (7', g;|7) of radius R centred at 0 and Pr the Euclidean ball in T". Since
g; — gruc locally smoothly, given any pg > 0, there exists ¢g > 1 such that

the normal exponential map of T}, (9M) is a diffeomorphism of Pg 20 X< 10,8p0) and

5.15

(5:15) V2 .di|* + | V3 di| + |Rmg, | < 1 for all i > i.
By Proposition 5.7 (and Remark 5.6), spt ||W;|| — T locally in Hausdorff distance. As
gi — EREuc, for any compact set K C H,, we have

(5.16) sup  d; =0 asi— ool

spt [|W;||NK

Fix po € (0,1] and the corresponding iy > 1, and notice that by (5.15), the threshold
radius Ry and the threshold normalised tilt excess €y in Theorem 1.12 can be chosen to hold
uniformly for all i > iy. By varifold convergence to (Q/2)|T|, we can assume that for all
1 > 49 we have

(5.17) IWill(N L, (Pip)) < C(n, Q).

For fixed R € (0, Ry/2), by (5.17), we can choose ¢ € (0, po/2) such that the right hand side
of (5.1) with 7 = 2R is strictly less than €2/2 for all i > ig. By (5.16) with K = N;;O(PQR),
by possibly increasing ig, we can guarantee that for all i > 4,

spt [Will N NG, (Par) © Njo(Pag)

UHere we are using that since g; — gruc locally smoothly, for any given compact set K, any given € € (0,1) and all
sufficiently large ¢ the metrics satisfy (1 —€)g; < gruc < (14 €)g; on K. We shall use this fact repeatedly throughout
the proof.
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(5.18)

Now fix the scale 7 = ri, and write g« = gz, , Pp = PI?, W* = W;,, and W} =
(g, )#Vi- Notice that Wit — W™ locally as varifolds in the fixed Riemannian manifold-
with-boundary (H;,gs). By Proposition 5.7 (and Remark 5.6), for all sufficiently large
k

spt | W3 | A NG, (P3R) € N§T(Psg),

and W} satisfies a mass bound analogous to (5.17).
Therefore, by Proposition 5.1, we obtain that, for all sufficiently large k, we have

Ew: pe(2R)* < €5/2,

and Theorem 1.12 applies. In particular, (ii) of Theorem 1.12 applies and for all sufficiently
large k (by uniform equivalence of the metrics)

Qk
spt | Wi | VNG, (Pry2) = | Fou(graph(us )
j=1
for some @) € N and smooth functions 0 < ug 1 < --- < ug,, where Fyys is the normal

exponential map in the fixed rescaled metric. Moreover, Qi is bounded above uniformly by
some Q because of the uniform mass bound.

Finally, the gradient estimate in Theorem 1.12(ii) implies that, after passing to a sub-
sequence, for each 7 = 1,..., Q, the functions uy,; converge to some function u; in Cc%e
and 0 < uy < -+ < ug on PR/4. Each u; satisfies the g,-minimal surface equation on
Pp4, so if any two graphs touch they must coincide. After shrinking the neighbourhood
further if needed, this shows that the support of W* in a neighbourhood of 0 is given by a
single smooth embedded minimal hypersurface, possibly with multiplicity, which must then
be given by the density QQ/2 at 0. After undoing all the rescalings, this shows that z is a
regular point of V', and that the tangent cone is unique. It also gives local smooth graphical
convergence of the hypersurfaces Y.

II C T, M is an n-plane invariant under reflection across T,0M and 11 # T,0M .
Notice that then C = Q|II*|. Let L = IIN T and notice that Il = L & span{n(x)}.
For ¢ € (0,inj,(0M)), let T = exp?M (L N B,(0)), so that T,T' = L. Note that I is a
smooth (n — 1)-dimensional embedded disc in dM. By shrinking g if needed, the normal
exponential map Fyyy is a diffeomorphism of T x [0, ¢) into a smooth embedded two-sided
n-dimensional disc P in M, with dgP = I". By construction, P meets 0M orthogonally
along I', and T, P = T, @span{n(y)} for all y € I". At z, we have T,,P = II. By Lemma 4.3
and Lemma 4.6, there is p; > 0 such that P has an adapted p;-neighbourhood, and the
corresponding zp, Z as in Definition 4.1 satisfy the estimates in Lemma 4.6 for some A > 0.
Now, as in (1), let 7, — 0 be such that the free-boundary stationary integral varifolds
W; = (®y,)¢V in (Hy,g;) converge locally to QIIt| C Hy. Let P := &, (P) and notice
that P’ meets T orthogonally in (Hy,g;) along doP'. Also, define z; = r;lzp oWy,
and let Z; = \Vgizi@lvgizi. It is easy to check that the flow of Z; still defines an r;lgl—
adapted neighbourhood U; of P! in (H.,g;) and that P® — I, 2z — 2n1, Z; — vn
locally smoothly, where vy is a (Euclidean) unit normal to II, and zy is the linear function
vanishing on II with gradient vy. The corresponding flows also converge locally smoothly.
Finally, for R > 0 and all i sufficiently large, let Pj be the intrinsic ball in (P, g;|p:)
of radius R centred at 0, which converges to the Euclidean ball Pg in IIT. Again, since
g — gruc locally smoothly, there exists i; > 1 such that (4.4) holds with A = 1 for all
1>,
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As in (1), by Proposition 5.7 (and Remark 5.6), spt ||W;|| — II'* locally in Hausdorff
distance. As g; — gguc, for any compact set K C Hy, we have

(5.19) sup  |zi] =0 asi— ocol?

spt ||Ws|[|nK

Fix p1 > 0 and the corresponding i; > 1, and notice that the threshold distance 41, the
threshold radius R; and the threshold normalised tilt excess €1 in Theorem 1.15 can be
chosen to hold uniformly for all ¢ > ¢;. Similarly to (1), by varifold convergence we have
uniform mass bounds on any fixed compact set, so for a given R € (0, R;/2), we can choose
§ € (0,681/2) such that the right hand side of (5.2) with r = 2R is strictly less than £2/2 for
all 4 Z il.

Now the same argument as in (1) allows to fix a scale r, = r;; for which we can apply
the orthogonal sheeting theorem (Theorem 1.15(ii)) to rescalings of the varifolds Vi, = |Xg|
and deduce that for all large k, the support of the rescalings W' in /\/'zzpj (Pg/2) is a union of
Q smooth Fz:-graphs over Pr/y. The gradient estimates in Theorem 1.15(ii) show that the
graphs converge in C*% to graphs whose union induces W* on a smaller neighbourhood.
A priori these graphs are weakly ordered but since they all satisfy a uniformly oblique
boundary condition, the boundary and interior strong maximum principles for the minimal
surface equation imply that any two graphs which touch must coincide. Therefore, by
shrinking the neighbourhood further if needed, the support of W* in a neighbourhood of 0
is given by a single smooth embedded free-boundary minimal hypersurface, possibly with
multiplicity. Again as in (1), this shows that x is a regular point of V', and that the tangent
cone is unique, together with local smooth graphical convergence of the Xj.

O

5.4. Excluding boundary classical cones: slicing argument. We can now move to the (n—1)-
dimensional part of the singular stratum. We will use the argument of [SS81]. Since the interior
case is completely analogous to [SS81], we shall focus on the boundary case, i.e. = € spt ||V || NIM.
Again, as in the proof of Proposition 5.12, we let H =T, M, H, =T, M, and T = 0H, = T,0M.

Before we proceed with the argument we need the following elementary lemma, which shows that
if C is a tangent cone of a stable singular properly embedded free-boundary minimal hypersurface X
at some x € ¥ = spt ||, then the regular part of C is a stable free-boundary minimal cone (for the
Euclidean metric on T, M). Similarly for tangent cones to varifold limits of stable singular properly
embedded free-boundary minimal hypersurfaces.

Lemma 5.13. Let V' be the multiplicity-one varifold induced by a stable singular properly embedded
free-boundary minimal hypersurface 3, or the varifold limit of a sequence of such objects. Let
z € spt ||V and let C € VarTan(V,z). Then reg(C) is a stable smooth (possibly free-boundary)
minimal hypersurface in (T M, gRuc)-

Proof. Let the notation be as in Appendix C and the proof of Proposition 5.12. For simplicity, let
us assume V = |X| for a stable singular properly embedded free-boundary minimal hypersurface
|¥] and z € ¥ N IM. By definition, there exists a sequence r; — 0 such that the multiplicity-one
varifolds |X;| induced by stable singular free-boundary minimal hypersurfaces ¥; = @, ,.(X) in
the rescaled metrics g; converge locally to C. By tracking how the geometric quantities involved

12Again we are using uniform equivalence to gguc, in addition to the properties of z;.
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transform, we see that, for every ¢ € C’g’l(Ei), we have

/ V& olz. =7 (|As|; + Ricg(vs,vs)) 0 Way, ) @* dHy,

(5.20) i

— 7“@'/ (]I%M(I/E, Vg) o \I/LW)QDQ d?‘[gi_l Z 0.
X5

By Corollary B.6), then (5.20) holds for all compactly supported ambient Lipschitz test functions.

Now let y € reg(C). Then any tangent cone D to C at y is a constant multiplicity hyperplane or
orthogonal half-plane. Therefore, after applying Proposition 5.12 to a diagonal sequence converging
to D, we see that the free-boundary minimal hypersurfaces in the diagonal sequence converge
smoothly and graphically to D on a neighbourhood of y. In particular, we can pass (5.20) to the
limit in a neighbourhood of y and obtain that reg(C) satisfies the (Euclidean) stability inequality

(5.21) / |Acl?¢? S/ Vel?
reg(C) reg(C)

for all compactly supported Lipschitz test functions .
Finally, the case where V is a varifold limit of stable singular properly embedded free-boundary
minimal hypersurfaces follows from the same proof after taking a further diagonal subsequence. [J

We are now ready to prove the main result in this subsection, namely that for a varifold limit
V of a sequence of stable singular properly embedded free-boundary minimal hypersurfaces the
(n — 1)-dimensional part of the singular stratum .#,_1 \ .,,—2 is empty. Another way to formulate

~

this is that if C is a tangent cone to such a varifold V' and dimy S(C) > n — 1, then actually

~

dimy S(C) = n and Proposition 5.12 applies.

Proposition 5.14. Let V be a varifold limit of a sequence {Xy} of stable singular properly embed-
ded free-boundary minimal hypersurfaces in M. Then the (n — 1)-dimensional part of the singular
stratum 1 \ Fn—2 of V is empty.

Proof. As we stated above, we shall focus on the case where x € spt |[V|| N OM. As in the proof of
Proposition 5.12, we let H = T, M, H, =T, M, T = 0H,, and H = H; \ T.

Let C € VarTan(V,z) and assume that C has an (n — 1)-dimensional spine, denoted by L. Since
C is invariant under reflection 6y across T = 9H,, then L is invariant under 6y. As the (—1)-
eigenspace of the reflection is one-dimensional, exactly one of the following occurs: either L C T,
or n, € L, where n, is the inward unit normal to T

If n, € L, choose a nonzero point z € H{ N L. In a sufficiently small ball centred at z, the
reflected part of the cone lies outside H,, and hence C agrees with the full cone C there. Since C
is invariant along L, its tangent cone at z is again a classical cone with (n — 1)-dimensional spine.
The usual interior slicing argument of [SS81] gives the contradiction. Hence, it remains to treat the
genuinely free-boundary case L C T.

Choose coordinates on H = R""! 5o that Hy = {1 > 0} and T = 0H; = {z; = 0}. After
rotation, assume that L is given by {1 = xp41 = 0} = {0} x R"™! x {0} € T. Write a point
as X = (21,9, Zns1), where y = (22,...,7,) € R"1. For a € [0,7], define the n-dimensional
half-hyperplane

HI = {(rsin(a),y, —rcos(a)) : » >0,y € R}
Then OH; = L for every a. Furthermore, Hy , H C T (actually T = Hy U H), while H:/Q =
{Zp+1 = 0,21 > 0} meets T orthogonally. Set w, = sin(a)e; —cos(a)en+1, so that w, points from L
into H}. A choice of unit normal to H} is given by v, = cos(a)e; + sin()ey, 11, while the outward
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conormal of H along L is 1, = —w, = —sin(a)e; + cos(a)e,+1. Consequently, since the cone is
invariant along L, it has the form

m
C = qolHy |+ pil HY | + gz HS,
i=1
with 0 < oy <ag <...<m p; €N, qo,qr € NU{0}. Because C is only free-boundary, we do not
have the full vector balancing equation. However, testing the first variation near L with a vector
field equal to e,+1 which is tangent to T', gives the identity go — ¢x + > ;oq pi cos(c;) = 0. There is
no corresponding balancing condition for the e;-component.

We first prove that a; = m/2 for every i. Choose a diagonal sequence realising the tangent cone
C. Thus, after relabelling, ¥; = ®, ., (X;) and V; = (4, )3 Vi, then V; — C locally as varifolds.
We also have the corresponding sequence of Riemannian metrics as in Proposition 5.12. Every point
of spt |C|| \ L has a planar tangent cone. On the one hand, at points of HJ \ L, with 0 < oy < ,
we are in the interior of H, and hence interior sheeting [SS81] applies. On the other hand, at points
of (Hf UH; )\ L, boundary sheeting (cf. Theorem 1.12) applies. Consequently, 3; — C smoothly
and graphically on compact subsets of H, \ L. In other words, on every fixed annulus around the
spine L, the graphical sheets, their tangent planes, and their unoriented normals converge (locally)
uniformly to those of C.

For 7 > 0, define the following 7-tubular neighbourhood L of the spine by

ET = {(xlayvxn-i-l) € B;_/Q : JI% +$121+1 < 7—27 |y’ < 1}

Choose ¢ € C}(Bz) such that 0 < ¢ < 1, ¢ =1 on By, and |D¢| < 3. Since the metrics are
converging locally in C?, applying the stability inequality (5.20) for ¥;, reabsorbing the boundary
terms using Lemma 2.14, and then using uniform equivalence of g; to gruc gives a uniform bound
fzij;/Q 4,17 < C.

Furthermore, cover L N {|y| < 1} by at most C71~" balls of radius 27 with centres on L C T.
Boundary-centred monotonicity and the uniform mass bound give mass at most C7" in each cor-
responding ball of radius 47. Hence (X; N L) < Cr, uniformly for all sufficiently large j and
0 < 7 < 719. Therefore, we obtain

1/2
1/2
(5.22) / 14;] < / |4; 2 (Hg(zj er)) < Crl/?,
0L, s,NBY !

3/2
Let now 7 : Hy — L, be given by m(x1,y,2n11) = y. For y € R*1 define Pl o= T l(y) =
{(#1,9,2ny1) : ©1 > 0} and DY = {(z1,y,2n11) € P, : z3 4+ 22, < 72}, We denote the curved
boundary of this half-disk by A, = {(z1,y, zp41) : 1 >0, x? + $721+1 = 72}. Since S; has locally
finite H"? measure, we have H""1(S;) = 0, and hence, since 7 is Lipschitz, H"™! (W(Sj)) = 0.
e
theorem, is a regular value of both 7|y \s, and 7|ss;. Additionally, the intersection with Ar, is
transverse for all sufficiently large j. For all such y, the slice I'; , := ¥, N D;L? y 1s a one-dimensional,
smooth manifold with 9T, C (X; N A;,) U (9%; N D} ). Notice that a point of (¥;\ 0%;) N T is
an interior point of I';, rather than an endpoint. In particular, every connected component of I';
is either a smooth embedded circle, or a smooth embedded arc with exactly two endpoints. In the
latter case, the unordered pair of endpoint types is one of {A;y, Ary}, {Ary, 0%;}, or {90%;,0%;}.

No other case arises: the slice does not meet S; or the curved part of E)B;/Q, while properness

Consequently, for almost every y € B the point y does not belong to 7(S;) and, by Sard’s

prevents connected components from terminating or accumulating in the interior of D ”
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Let N; denote a continuous choice of Euclidean unit normal to ¥;, and regard [N;]: ¥; — RP"

as the unoriented Gauss map. For a curve v C 3;, write
056, [N;] = sup dz (IN;(a)], [N ().
a,bey

Suppose for the sake of contradiction that a;, # 7/2 for some ig. For every regular slice, choose
one of the outer endpoints a;, € 3; N A, corresponding to the ray H;io’ and let ~;, C I';, be
the connected component containing it. Since 7;, has an endpoint, it is an arc. Denote its other
endpoint by b;,. Let Ac = {a1,...,an} U{0:q >0} U{m: ¢r > 0} and define

(5.23) oc = min{dan([uaio],P(ell)),dﬂgpn([uaio], Vo]) € Ac, o # aio},

where the latter family is omitted if empty. Since dan([yaio],IP’(elL)) = |y, — 7/2| > 0, and we

have finitely many rays, dc > 0. We now have three cases for b; ,:

(i) If bj, € 0%, then the free-boundary condition gives drpn ([N;(bjy)],P(ei)) = 0;(1), while
smooth convergence at the outer endpoint gives [Nj(a;y)] — [va,,]- Hence, for all sufficiently
large j, osc,, ,[N;] > dc/2.

(i) If bjy € Ary corresponds to a ray Hy with a # a;,, then [Nj(aj,)] = [va,, ], and [N;(bj,)] —
[Va]. Therefore, for all sufficiently large j, osc,;  [N;] > dc/2.

(iii) Suppose finally that b;, € A, corresponds to the same ray H;rio. Set E = span{ei, ent1},
and let N; be as above. Since y is a regular value of 7|s;, we have T)v;, = ker D(7|s;), =
T,%; N E, and dimTy,y;, = 1. In particular, projzp N; # 0 along ~;,: otherwise N; € B+,
and hence £ C N ]l = T,X;, contradicting the fact that the kernel above is one-dimensional.
Thus, ]\Afj,y = |projg N;j| 7! projg Nj is a unit normal to the planar curve 7;,. Orient this
curve from aj, to bj,, and let T}, denote its Euclidean unit tangent. Smooth convergence
at the two outer endpoints gives, for all sufficiently large j, (T} y(ajy),wa,,) < —1/2, and
(Tjy(bjy)s wa,,) > 1/2, since the curve enters Dy, at the first endpoint and leaves it at the

second. If oscy;  [IV;] were sufficiently small, then [Nj,] would remain close to [vq, |, and
hence the tangent line would remain close to [Waio]- In particular, for some fixed ¢ > 0,
‘(Tj,y,waioﬂ > c along ;. This contradicts the intermediate value theorem, since the scalar
product is negative at a;, and positive at b;,. Therefore, osc,,  [N;] > dturn, for some gy > 0
independent of j,y, 7.

Taking 8 := min{dc/2, dtun} > 0, we conclude that osc,,; [N;] > 3 for all sufficiently large j and

e

Next, there exists a sequence €; — 0 such that, along every g;-unit speed curve in ¥;, there holds
|0sN;| < C(|Aj| + €;). Thus, we obtain

almost every regular y € B

B<C | (4jl+ej)dHy, and B<C (145] + &) dHy,,
'Vj,y Ejﬂp;ﬂﬁr

for almost every y € B?/El. Integrating and using coarea, we obtain

BLMH(BY,) < C/ / (1A4j] + &) dHg, dy < C/ Al dHg, + CeyMy (S50 Ly),
By, JEnP NL, 5NLr
where we have used the uniform bound J;,,—1(7|s;) < C. We conclude that ,Bﬁ"_l(B?/_Ql) <Crt?4

Cejt. First let j — oo, with 7 > 0 fixed. We obtain Bﬁn_l(BIL/El) < C711Y/2. Letting 7 | 0, the
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right-hand side tends to zero, whereas the left-hand side is strictly positive. This contradiction
proves that o; = m/2 for every i.
We have proven that C = qo|H | + p|H:/2\ + gx|H|, where p = Y, p;. Appealing to the free-

boundary balancing equation, we infer ¢g — ¢ = 0. Consequently, gy = ¢ = ¢ and q]HS' |+q|H| =
q|T|. Thus, C = p\H:ﬂ] +4q|T.

A completely analogous argument allows to treat the mixed case p,q > 0. More precisely, one
can show that pg = 0, in which case either C = ¢|T'|, or C = p|H:/2\. Doubling and appealing to
Theorem 1.12, or Theorem 1.15, we conclude. O

We can finally conclude the proof of Theorem 1.1 by a simple and (by now) rather standard argu-
ment using dimension reduction and Simons’ classification of stable regular cones in low dimensions.

5.5. Conclusion. The key result is the following spine-increase result, which allows the reduction
to the aforementioned Simons’ classification of stable regular cones in low dimensions. Let D be a
cone and let S(D) be its spine. If y € spt||D|| and E € VarTan(D, y), then S(D)+span{y} C S(E).
In particular, if y ¢ S(D), then dim S(E) > dim S(D) + 1. Using this and appealing to Simons’
classification of stable regular cones of codimension one, we conclude that dimy S < n —7. In
particular, when n < 6, S = (), while in the case n = 7, we can additionally prove that S is discrete.
For the sake of contradiction, assume there are distinct singular points z; € S converging to z,
and set p; = dg(2j,2). Blow-up V around z at scale p; to obtain, after passing to a subsequence,
a tangent cone C. Furthermore, the rescaled points pj_1 exp;l(zj) converge to a point z* € S”
satisfying z* € sing(C). Since C is a cone, {tz*: t > 0} C sing(C) which is impossible since we
have established that for n =7, H7(S) = 0 for all v > 0.

5.6. Stability of the limit. As in [SS81, Section 5], the previous steps have already established
the dimension bound on the singular set S and local smooth graphical convergence to ¥ on M \ S.
Notice that by stationarity in the interior and the constancy theorem, the density of the limit
varifold is constant on each connected regular component.
Now let I' be a connected component of . For z € I', y € 9I' C OM define

ar(z) = |Ar(2)[* + Ricar (v(2), v(2)),  br(y) = Tors (v(), v(y)),

where v(x) is any choice of unit normal to I' at z, and similarly for v(y). Notice that ar, br are
well-defined on I' and JI" respectively, since each term is invariant under v — —v. Now define

(5.24) Qr(e, ¢) —/F(!er\z—aw?) —/8Fbr<p2

for ¢ € COH(I).

Let ¢ € Cy ’I(F) be arbitrary. Since I' is embedded, there is a relatively open neighbourhood
U & M\ S of the support of ¢ which does not intersect any other component of ¥, and an
extension ¢ € CS(U) of ¢ to U. By (iv) in Theorem 1.1, if ¢, = Qls, , then

(5.25) / Vsoul® - / (JAs, > + Rics (v, v,)) 08 — / Tonr(vss,, v, )02 = 0
Yk Yk )%

for all k. As |Xj| — 0|X| in the sense of varifolds, and ¥, converges locally smoothly to 3 on M\ S,
then, after taking the limit as k — oo in (5.25), we obtain that mQr(y, ¢) > 0, where m is the
positive constant 0|p. Therefore Qr (¢, ¢) > 0.

For the one-sided case, we adapt the even-odd argument in the proof of [Bel22, Lemma A.1] to
the free-boundary setting. If I' is two-sided, the condition Qr(p, ) > 0 for all ¢ € Cg’l(F) says
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exactly that the stability inequality (1.1) is satisfied with I" in place of ¥ and therefore that I" is
stable.

Now suppose that I' is one-sided, and consider the orientable double cover I' of I" in the normal
bundle NT' defined by

I ={(z,v):z €l,veN,T,v|, = 1}.

Equip I' with the induced pullback metric. The immersion 7 : I' — M given by i(z,v) = =z is
free-boundary minimal and has globally defined unit normal ﬂf(x, v) =wv. Let

Qu(d, ) = /fwfsb\?— /1:(|Af|2+RiCM(5ﬁﬁf))¢2_ /8 o (77 7p)”

for all ¢ € CH (D).
If ¢ € CONT) is even, ie. ¢(x, —v) = ¢(x,v), then it descends to a function ¢ € COH(I) defined
by ¢(z) = ¢(z,v) for either unit normal v € N,I', and, by definition,

If ¢ € Cg’l(f) is odd, i.e. ¢(x,—v) = —¢(x,v), then |¢| is an even compactly supported Lipschitz
function on I such that [Vz|¢||? = [Vz¢[? almost everywhere. Then

Qz(9, 0) = Qz(|4],19]) > 0.
Finally, an arbitrary ¢ € ot ( ) decomposes into the sum ¢ = ¢, + ¢, of an even and an odd
function and it is easy to check that by definition of Q, we have Q(¢e, ¢o) = 0. Therefore, for
0,15
every ¢ € Co™ (T)
Q(9, 9) = Qp(Pe, de) + Qr(do, do) = 0

Therefore,
L1950 = [ (Ax + Rieasp )6 = | Tons (. 7p)6% = 0,
for all ¢ € C2H (D).

APPENDIX A. REMOVABILITY OF SINGULARITIES

We now prove the simple PDE result that is needed in the proofs of the sheeting theorems,
namely Theorem 1.12 and Theorem 1.15. The result is somewhat standard, and we state it here in
the exact form we need in the paper.

Let D C R™ be a bounded open domain and let E be a (possibly empty) relatively open smooth
subset, of 9D.

Lemma A.1. Let I' be a relatively closed subset of DU E and assume H" 1 (I') = 0. For every
compact set K C DUE there exist x; € C*°(DUE) with 0 < x; < 1, each x; vanishing on a relative
neighbourhood of TN K in DUE such that x; — 1 locally on (DUE)NK\T and [, |Vx;| — 0.

Proof. This follows from [EG15, Theorem 4.15(v)]. O

Let Cp,C1 > 0 be fixed and let £ : (D U E) x (=Co, Co) x B, (0) — R be a smooth function.
Assume there are constants 0 < A\; < A2 < 400 such that for every (y, z,q) € (DUE) x (=Cp, Cp) X
B¢, (0) and £ € R"

(A.1) M€ < Ogig, L(y, 2, @) < Aal€|™.
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Lemma A.2. Let I be a relatively closed subset of DU E and assume H" 1(I') = 0. Let u be a
Lipschitz function on DU E such that

(A.2) llull oo (puE) < co < Co, Lip(u; DUE) < ¢ < Ch,
and suppose that the identity

(A.3) / (DyL(y,u, Vu) - Vo + 8.L(y, u, Vu)p) dy = 0
D

holds for every test function p € C*(D U E) such that spty € (DU E)\T.
Then (A.3) holds for every ¢ € C1(D U E) such that spt € (DUE) and u € C(DUE). In
particular, u is a classical solution of

(A.4) —0y, (04, L(y,u, Vu)) + 0, L(y,u, Vu) =0
and
(A.5) D,L(y,u,Vu)-np =0 onE

where np s the outward unit normal to D along E.
Proof. Fix ¢ € C1(D U E) such that spt ¢ € (DU E) and let K = spt . Then let y; be the cutoff
functions provided by Lemma A.1. Then x; is an admissible test function for (A.3), so that

(A.6) 0= /DXj (DgL(y,u, Vu) - Vo + 8.L(y,u, Vu)p) dy + /DsquE(y,u, Vu) - Vx; dy

By (A.2) and smoothness of £, there is some large constant C' < +oo such that
1DgL(y, u, Vu)|| Loo (D) + 10:L(y; u, V) || oo (prx)y < C < +o0.

Hence,

/ oDy Ly, V) - Vx; dy| < Cllglle / Vx5 0
D DNK

by Lemma A.l1. The first integral in (A.6) converges by the dominated convergence theorem.
Therefore (A.3) holds for ¢, and, hence, by arbitrariness of ¢ for all compactly supported C*
functions on DU E.

Smoothness of u in the interior then follows from elliptic regularity theory since the divergence
form operator associated to (A.3) is uniformly elliptic by (A.1), the coefficients of £ are assumed to
be smooth and w is Lipschitz. Along E, the natural boundary operator is B(y, z,q) = D,L(y, 2, q) -
np(y). Notice that it is uniformly oblique as

DoB(y,2,9) - 1D = g, L(y, 2, @)1l > MInpl*> = A1 > 0.

By [Lie88, Theorem 1], there exists a € (0,1) such that u € Cllo’g(D U E). By standard elliptic
theory, smoothness follows from C%® regularity, which is a consequence of the boundary Schauder
estimates of [LT86]. O

Remark A.3. Notice that Lemma A.2 is considerably weaker and more elementary than Simon’s
removable singularity theorem in [Sim77]. Indeed, in Lemma A.2 the function u is already defined
and Lipschitz across the deleted set I', so only the weak Euler—Lagrange identity must be extended.
Simon on the other hand assumes no a priori boundedness or continuity of the solution near I' and
proves the existence of a classical extension. However, Simon’s theorem as formulated in [Sim77]
does not cover integrands having z-dependence or oblique boundary conditions.
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APPENDIX B. CAPACITY AND EXTENSION OF STATIONARITY

We elaborate on Remark 2.7. In particular, we prove that under the assumptions of Definition 2.6
we can extend stationarity across S. The proof uses some ideas introduced by Harvey—Lawson in
[HL14] and employs some tools from classical potential theory. The case n = 2 of Proposition B.5
is due to Simon [Sim82] (without assuming local finiteness a priori).

The following lemma provides the basic analytic construction behind Proposition B.5, and is
based on [HL14, Proposition 10.2-10.4]. For the sake of completeness, we provide a detailed proof.

Lemma B.1. Let n > 2, and let E C R™*! be compact with H" 2(E) < oco. Then there exists an
upper semicontinuous function 1 : R"! — [—00, 00) such that
{p = -0} =F, Y€ C®°(R"\ E),
and
trpD?1(x) > 0 for every x € R™™\ E and P € G(n,n + 1).

Proof. Let K be the fundamental solution of the Laplacian in R”, so that K(r) ~r>™" forn >3
and K(r) ~ —logr for n = 2. We first consider n > 3. Define U?_, = [ K(Jz — y|)do(y) for a
finite positive measure o. We shall use the following elementary fact (see [Fal03, Theorem 4.13(a)]).

Fact B.2. Let F C R™*! be Borel, and let ¢ be a nonzero finite positive measure supported on F.
If

7) = [ | Kl =y dota)doty) < .
then H"2(F) = oo.
Let now A\ := H" 2L E, which is a finite positive measure by hypothesis. Set Z = {z € E :
U} 5(z) < oo}, and Zy,, = {x € E : U} 4(x) < m}, so that Z,, C Z and Z = J,, Zmm. We claim

that H"2(Z) = 0.
Indeed, if A(Z,,) > 0 for some m, then the nonzero measure o := AL Z,,, satisfies

I, 5(0) = / UJ_5d\ < / U} o d)\ < mAZy,) < o0,
Zm Zm

and Fact B.2 would then imply H" 2%(Z,,) = oo, contradicting Z,, C E and H" 2(E) < co. Hence
M Zy) = 0 for every m, and therefore H"2(Z) = \(Z) = 0.

Thus U} ,(-) = 400 at every point of E\ Z. To conclude the argument, we shall now construct
another finite positive measure v such that UY_,(z) = +oo for all x € Z as well. In the end, we
shall define p := XA + v and take ¢y = —U" ,, which, as we will show, has the desired properties.

Since H"2(Z) = 0, for each k > 1 we may choose a countable cover

Z By, (ar:),  api € Z,
7

such that 3,772 < 27%. Define v, = 3, T‘Z;Q Oay ;> and v ==Y 7° v Then v is a finite positive
measure supported on E, since v(R"1) < %%, 27% < co. For every z € Z and every k, there is

an i such that |z — ag;| < g, from which we deduce U/ ,(z) > |z — ag;|>~"r 2 > 1. It follows
that

Z Uk o(x) = 00 for every x € Z.

Consequently, the finite positive measure p := A+ is supported on E and satisfies U!'_,(z) = +o0
for every x € E. Define now ¢(z) :== —U" _,(z) so that ¢y = —ocoon E. If ¢ E, then dist(z, E) > 0,
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and hence U" ,(z) < co. Thus {t) = —0o} = E. Moreover, on every compact subset of R"*1\ E,
the kernel and all of its derivatives are uniformly bounded for y € F; differentiation under the
integral therefore gives ¢ € C°(R"*1\ E).

It remains to verify the Hessian inequality. For z # 0, writing e = z/|z|, one computes

D*(—[2*™) = (n = 2)|z| (I —ne®e).

Hence, for every P € G(n,n + 1), we have trpD?(—|2[*"") = (n — 2)|2|"(n — n|7pe|?) = n(n —
2)|z|7"(1 — |wpel?) > 0. It follows that, for = ¢ F,

n 1 — |mpey_y|?
trpD*(x) = o /E M dp(y) > 0,
n

where e, == (. —y)/|z —y|.
If n = 2, then H°(F) < oo, so that E = {ay,...,ay} is finite. In this case take

u—zaa], and w(a) = [ Kl ~y)) duly Zlog\x—agl

Clearly {¢ = —oo} = FE and ¢ € C®°(R*\ E). Since D?*log|z| = |z|7*(I — 2e ® e), for every
P € G(2,3), trpD?log|z| = 2|2|72(1 — |rpe|?) > 0. O

Remark B.3. The function 1, extended by —oo on E, is n-plurisubharmonic in the sense of [HL14,
§9]. Consequently the set E is C*° n-pluripolar (again, see [HL14, §9]).

Let us now adapt the basic construction of Lemma B.1 to the setting of Riemannian manifolds
(with and without boundary). For r > 0, let

B, = B"™(0), C, = B"0)x[0,7), 8yC, = B"(0)x {0} CC,.
Lemma B.4. Let n > 2.

(a) Let g be a smooth Riemannian metric on a neighbourhood of By. There exists ro € (0,1) such
that for every compact set E C By, with H" 2(E) < oo there is a function v € C*(Bay, \ E),
v > 1 such that v(z) = 400 as & — E and trpViv(x) < 0 for all x € By, \ E and every
P e G(n,n+1).

(b) Let g be a smooth Riemannian metric on a neighbourhood of Cay of the form g = dt®> +
hij(y,t)dy'dy?, where (hj) is smooth and positive-definite for all t € [0,2]. There exists
ro € (0,1) such that for every compact set E C E:O x {0} with H""2(E) < oo there is a
function v € C®°(Cap, \ E), v > 1 such that v(z) — +0c0 as v — E and trpvgv(a:) <0 for all
x € Oy, \ E and every P € G(n,n + 1), and 0w =0 on 9pCay, \ E.

In both cases, the extension of v by +00 on E is lower semicontinuous on Bay, and Cay,, respectively.
Proof. In order to deal with the errors arising from the Riemannian metric g, it is convenient to

introduce a strictly superharmonic (with respect to the Euclidean metric) perturbation of the Riesz
kernel in Lemma B.1. For A > 0, choose r, > 0 such that Ar, < n, and define

Tx
(B.1) Ky\(r) = / s17meMds for 0 <1 < 1y,
T

and notice that, as r | 0, K, has the same leading order behaviour as the Riesz kernel in Lemma B.1.
Now, for (a), by shrinking rp, let us assume that Bs,, is strongly g-convex and for a € B,, the
distance 7,4(-) = distg(-, a) is smooth on By, \ {a} and satisfies |Vire —r; (g — dre ® drg)| < Crq
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(which is a consequence of the Hessian comparison theorem in [Leel8, Theorem 11.7]). Then, if
P e G(n,n+1) and a = [75VEr, |2 € [0,1], we have

n—1
(B.2) trpVEKA(ra) < Kﬁf(ra) + TK&(ra) + Cra|K§\(ra)] < (=M + Cra)|K§\(ra)|.

a

Take A = 1 and reduce rg so that Cr, < 1, then trpngl (rq) <0 forall P € G(n,n+1).
If we let v be the finite positive measure given in the proof of Lemma B.1, and

zwwﬂ+ém@%wmww,

then it is easy to check that, after shrinking rg if needed, v has all the required properties, since
distg is uniformly equivalent to the Euclidean distance on Bs,, with constants going to 1 as rg — 0.
In particular, the integral diverges on E. Its extension by +oo on E is lower semicontinuous by
Fatou’s lemma, which gives v(z) — 400 as © — E.

For (b), write hy = hyj(y,t)dy'dy’ on Cy and let § := dt? + ho(y) on the doubled cylinder
Cy = BR(0)x(—2,2). Fora = (d,0) € E, let #,(y, ) == distz((y, 1), (a’,0)) = (distp, (v, a’)>+1>)/2.
Then notice that 9;7,(y,0) =0 for y # d’.

The interior computation in (B.2) implies that for every P € G(n,n+1), we have trpVEKA(fa) <
(—=A—C%4)| K} (74)|. By smoothness of hy in t we have |hy —ho| = O([t]), |g—8&lz < Ct], |[VE—V8|; <
C. Then,

trp VK (fq) < trpViK (7o) + C ([t V3K (Fa)lg + KA\ (7a)])

If My < n/2, then ]VEKA(%N{; < Ot KL (7)], so that using [t] < 7
(B.3) trp VK (Fa) < (=X + Co + C17a) | K5 (Fa)].

Choose first A > 2Cy + 1 and then 79 < r. so small that Ar, < n/2, and Ci7, < 1. Then
trpVEK\(7,) <0 for all P € G(n,n+1).
Finally, if we define

1mwﬂ+ém@%mmww,

for the finite positive measure p in the proof of Lemma B.1, then it is easy to check that it satisfies all
the required properties. Divergence of the integral at E follows as in (a), and 0yv = 0 on dyCay, \ E
follows from 0;74(y,0) = 0. O

We can now state and prove the main result of this appendix.

Proposition B.5. Let n > 2, and let (M™* g) be a smooth Riemannian manifold-with-boundary
with (possibly empty) boundary OM. Let S C M be a relatively closed subset with locally finite H™ >
measure, i.e. H" 2(SNK) < +oo for every K € M. Let V be an n-dimensional rectifiable varifold
i M such that

WV(X)=0 for every X € X*™*™(M \ S).
Then V' is free-boundary stationary in M, that is
W(X)=0 for every X € X (M).

Consequently, if ¥ is a smooth proper minimal free-boundary immersion in M\S and |X| has locally
finite mass, then |X| is free-boundary stationary in M.
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Proof. Let U € M be a subset of the domain of a coordinate chart such that U is either a metric
ball or a metric half-cylinder in Fermi coordinates with respect to M as in Lemma B.4, and let
X € X*({J). The global statement then follows from this local one after covering spt X by finitely
many sufficiently small metric balls or half-cylinders.

Choose spt X € Uy € Uy € U and set E = SNUj, so that E is compact and satisfies H" 2(E) <
oo by hypothesis. By Lemma B.4, there is a function v € C*°(U \ E) such that v > 1 on Uy \ E,
v(x) — 400 as x — F and trpvgv <0 for all P € G(n,n + 1). In particular, v is superharmonic.

We now prove a logarithmic Caccioppoli estimate. Let n € C2°(Uy) satisfy n = 1 on Uy, and let

q(v) = <1 - 2) , for £ > 1.
+

Extend v by 400 on E. Lower semicontinuity and the fact that sptn is compact imply that
sptnN {v < £} is a compact subset of Uy \ S. Thus Yy := 1%q,(v)V8v is supported away from S and
is tangent to OM in the boundary case. Free-boundary stationarity away from S gives

0=0V(Yy) = /G . )[r]qu(v)trpVgU + (Ve(1n?q(v)), Vpv)] dV (z, P).

The first term is non-positive, thus implying
/ (Vp(n?q(v)), Vpv)dV (z, P) > 0.
Gn(Ul)
Now, on {v < ¢}, there holds V pqy(v) = —v~2V pv. Therefore,

v
Ay = / VIV plog(v)2 dV < 2 / n(1-5) (Vem Velog() dv
{v<t} {v<t}

< Ag+2/|Vp77|2dV.

N

Rearranging,
A <4 / Vpn2dV < 4] Dyl% |V (sptn) < +oc.

The last quantity is finite because V has locally finite mass by assumption. Letting ¢ — oo gives

/ IV plog(v)2dV < +o0.
Uo

We now construct the cut-off. Choose ¥ € C*°(R) such that 0 < 9 < 1,9 =1 on (—o0, 1] and
¥ =0 on [2,00). Define then y; = ¢ (jfl log(v)) . For every fixed j, the function y; vanishes in an
ambient neighbourhood of F, so that x;X is an admissible test vector field supported away from
S. Moreover, x; — 1 pointwise on Uj \ S. Lastly,

19/ 2
/ IVex |2 dV < H L’w/ [V plog(v)|*dV — 0,
U J U

as j — oo. Consequently, from the stationarity condition
0= 6V(yX) = / \ydivp X dV + / (Vs X) dV,

we can use dominated convergence to pass the first term on the right-hand side to the limit, while
for the second term we have

1/2
(Vpxi, X)dV | < | X |lso||V || (spt X )"/ Vexil2dV -0,
J X J
sp
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as j — oo. Thus, V satisfies V(X ) = 0 in U meaning that it is free-boundary stationary across
S. 0

We record the following consequence of Proposition B.5 which will be the form we shall use for
excision arguments (see 2.5 for the notational convention in the integrals).

Corollary B.6. Let S be as in Definition 2.6, then for every compact K C M there exists a sequence
of smooth cutoff functions {x;}; on M, each supported away from S, such that 0 < x; <1, x; — 1
on XNK, and [5 - |Vex;|> = 0. This will sometimes be denoted by capy(S) = 0 and referred to
as having vanishing relative 2-capacity in ¥ (see below).

Remark B.7. A weaker hypothesis suffices for extending stationarity when a local area-growth bound
is already available. Namely, assume H"1(S) = 0 and H"(X N B,(c)) < Cr" for x € S and all
sufficiently small radii for some constant C' uniform on compact sets. Then stationarity away from
S extends across S.

Indeed, fix X € X" (U) and choose a compact K € U whose relative interior contains spt X.
Since H" 1SN K) = 0, for every ¢ > 0 we may cover S N K by finitely many balls B, (z;), with
rp <eand ), r?_l < €. Choose 0 <17 <1, equal to 0 near | J; By,(z;) and to 1 outside J; By, (:),
with [Dn| < C, ri_llBQT,(xi). The Euclidean growth bound ||V||(B,(z)) < Cr™ at x € S gives

[IVvenlav <e¥mt<ce Vin# <Oy Ce
i i
Since nX is supported away from S, 0 = §V(nX); hence
0V(X)] < [DX[|ol[VII({n # 1}) + [ Xloo / IVen|dV < C( DX [looe® + [ X [loce)-
Letting € | 0 proves that 6V (X) = 0.

APPENDIX C. TANGENT CONES AND STRATIFICATION FOR FREE-BOUNDARY STATIONARY
VARIFOLDS

C.1. Free-boundary stationary varifolds. An integral'® varifold V on M is said to be free-
boundary stationary if its first variation vanishes for all compactly supported vector fields on M
which are tangential to OM along OM C M, i.e.

(C.1) SV(X)=0 forall X € X% (M).

In particular, nothing is assumed on the first variation of V' in the direction of vector fields that are
not tangential to M. Notice that by Definition 2.6, it is easy to see that if 3 is a singular properly
embedded (or properly immersed) free-boundary minimal hypersurface, then the multiplicity-one
varifold |X| induced by it is a free-boundary stationary varifold.

Remark C.1. Note that if T' is a boundary component of M, then the varifold |T'| is free-boundary
stationary, independently of whether the mean curvature of I' in M vanishes, even though I is a
smooth hypersurface. On the other hand, notice that I' would not be a free-boundary minimal
hypersurface according to our Definition 2.2. Therefore, free-boundary stationary varifolds are
strictly more general than free-boundary minimal hypersurfaces, even if we restrict to smooth
objects.

1314 is actually not necessary to assume integrality, but, for the purposes of this paper, we shall not need to consider
any larger classes of varifolds.
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Although it is not apparent from the definition, free-boundary stationary integral varifolds have
locally bounded first variation by [Ede20, Proposition 3.2]14. From this, Edelen manages to deduce
a compactness theorem for sequences of free-boundary stationary integral varifolds with locally
uniformly bounded mass [Ede20, Theorem 3.5] from Allard’s Compactness theorem [All72, 6.4]. In
our simplified setting of singular free-boundary minimal hypersurfaces, the full first variation can be
computed rather directly as in Lemma 5.4, so compactness can be reduced immediately to Allard’s
result.

If we consider free-boundary stationary varifolds in a Euclidean half-space, then we have the
following rather useful reflection principle.

Lemma C.2 (Reflection principle, [LZ21b, Lemma 2.2]). Let v € R™*! be a unit vector and let P*
be the closed half-space {u :w-v > 0}. Let 0 : R"1 — R™""1 be the reflection map across T = vt
given by O(u) = u — 2(u-v)v. If V is a free-boundary stationary integral varifold in P*, then the
doubled varifold

V =V + QﬁV

is a stationary integral varifold in R™1 and it is invariant under 0, i.e. eﬁV =V.

Now let V' be a free-boundary stationary integral varifold and let x € M.

o If z € M\ OM, then clearly for any open set U € M \ OM containing z, V' is stationary in
U and therefore the usual interior monotonicity formula (see [Sim83, §17]) holds for balls
B,(z)CU.

e If x € OM, then [GLZ20, Theorem 3.4] provides a boundary monotonicity formula for balls
centred at x.

The combination of these two monotonicity formulas implies existence of density and of tangent
varifolds at every point. It also allows to show that any tangent varifold to V' at a point = € spt ||V]|
is a cone. (See Appendix C.2 for the exact definition in the manifold setting and some properties.)

On the other hand, some standard properties of stationary integral varifolds do not hold directly
for free-boundary stationary integral varifolds. As an example, upper semicontinuity of density
does not hold, even in the smooth setting (think of a sequence of interior points converging to a
boundary point). In order to have a quantity that does not distinguish interior balls from balls
centred at the boundary and satisfies a uniform monotonicity formula, it is possible to introduce
the so-called reflected density (see [GJ86a, Section 3] for the Euclidean case) which turns out to be
upper-semicontinuous. As the adaptation to the manifold setting is somewhat involved, we shall
avoid introducing the reflected density, and work with the two distinct monotonicity formulas above,
which will suffice for our purposes.

C.2. Tangent cones. Let V be a free-boundary stationary integral varifold in M, let « € spt ||V,
and r; — 0 be a sequence of positive numbers. We shall consider two cases.

(1) If z € M\ OM, let 0 < p, < min{inj,(M),distg(z,0M)} so that the exponential map
of M at x is a diffeomorphism of B/%M(O) C T, M onto its image Bé\f(x), and let W, ., :

BTTif\ﬁ (0) — M be given by

\Ijxari (U) = expx(riv)'
Let gz, = r;Q\I';7Tig. Then, notice that
(Bfff‘:f 0), gzr;) = (TuyM,gEye) locally smoothly.

14This is true even without assuming integrality by [DM21].
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(2) If 2 € OM, let 0 < p, < min{inj, (OM),inj, (M)} be such that the exponential map of OM
at = is a diffecomorphism of Bg;f(aM) (0) C T,(OM) onto its image Bgf\/l () C OM and the
normal exponential map Fyp; of M is a diffeomorphism of Bgy () x [0, p;) onto its image.
Then let ¥, : BTj’p” (0) = M N B! (0) = M be given by

(C.2) U, (v +tn(z)) = Fopr(exp?™ (1), mit),
for v € BffgiM) (0), t >0, v+tn(x) € BTTE?K (0). Again, let g, = r;2\ll;7rig, and notice
that ' '
+ +
(Bf:lfi (0), aoBf:f[‘i (0), 8o) = (TF M, T, (OM), grue)  locally smoothly.

In either case, let ®, ,, denote the inverse map \Il; }‘1

If we apply Edelen’s Compactness theorem [Ede20, Theorem 3.5] to the sequence V; = (@x’ri)ﬁVB,
then, up to a subsequence (not relabelled), there exists an integral varifold V, such that V; — Vi
locally in the sense of varifolds. By convergence of the first variation, we can pass the variational
property of V' to the limit. More precisely, we have the following.

(1) If z € M\ OM, then V,, is a stationary integral varifold in (T, M, gguc) = (R"*!, ggyue). The
usual monotonicity formula for stationary varifolds applies and one deduces that V, is a
stationary integral cone of density O(||V]|, x).

(2) If x € OM, then V is a free-boundary stationary integral varifold in (T, M, gryc) =
(IR{T'l, gEuc). The monotonicity formula for free-boundary stationary varifolds of [GLZ20]
applies, and one deduces that V., is a free-boundary stationary integral cone of density
O(||V]|,xz). Moreover, if we denote by 0y the map on (T, M, ggy.) given by reflection in
T,(OM) C T, M, then, by the reflection principle in [LZ21b, Lemma 2.2], the doubled cone

(C.3) Voo =V + (Ho)ﬁvoo
is a stationary integral cone in (T, M, ggyc), which is also invariant under 6.

Any varifold V,, that arises in this way is said to be a tangent cone to V at x. The set of all tangent
cones to V at x is denoted by VarTan(V, ).

C.3. Singular set and stratification for free-boundary stationary integral varifolds. In
order to analyse the regularity of a free-boundary stationary integral varifold V', we need to introduce
some further definitions.

Definition C.3 (Regular and singular set). Let V' be a free-boundary stationary integral varifold
in M. We define the regular set reg(V') of V' to be

there exists > 0 such that spt ||V|| N B,(z) is a smooth
embedded hypersurface-with-(possibly empty) boundary in OM |’

rea(V) = { € ot V]
Similarly, we define the singular set sing(V') of V' by
(C.4) sing(V) = spt [|V]| \ reg(V).

We shall now subdivide the singular set into pieces according to the possible tangent cones that
can occur. In order to state the results of this stratification procedure, we need some more definitions
and notation about cones. Let 7, \ be the map z — A71(z — v).

1514 ig easy to see that [Ede20, Theorem 3.5] applies to a sequence of metrics converging in Cg,..
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Definition C.4 (Spine of a cone). Let C be an n-dimensional cone in R"*!. We define the spine
S(C) of C to be the translation invariance set of C, namely

(C5) $(C) = {v € R (,1),C = C},
which is a vector subspace of R"t1,

For x € spt ||V|| and C € VarTan(V, x) let

(C.6) C= {g + (6p)sC ﬁﬁ i 241\/[\ aM’

Definition C.5 (j-stratum). For j € {0,1,...,n}, we define the j-stratum .} as follows:
(C.7) S = {x € sing(V) : dim(S(C)) < j for all C € VarTan(V,z)}

Remark C.6. Clearly,

(C.8) S C S C- C S =sing(V).

The usefulness of this stratification of the singular set is due to the following result, which was
first proved by Almgren in the setting of area-minimising currents.

Proposition C.7 ([LPS26, Proposition 3.30]). Let V' be a free-boundary stationary integral varifold
in M. Then, for all j € {0,1,...,n}

where dimy denotes the Hausdorff dimension.

APPENDIX D. NON-EMPTINESS OF THE BOUNDARY

We expand on Remark 1.10. In particular, we first provide an example of a compact Riemann-
ian manifold-with-boundary (M, g) where the one-parameter min-max construction of Theorem 1.8
yields a stationary integral varifold V' which is supported on an optimally regular minimal hypersur-
face entirely contained in the interior of M, then show that this cannot happen under the additional
assumption that Ricy > 0 on M and OM is strictly mean-convex.

D.1. spt ||[V]||NOM = (). For sufficiently large L > 0, let the manifold M, be the following truncated
ellipsoid

2
E; = {(:c,z) e R xR : |z + % = 1} CR"™2, M;=E,n{z<L/2},

endowed with the induced metric coming from the Euclidean metric on R"*2. The latitude sweepout
t— Mpn{z = L/2—t} for t € [0,3L/2] implies that the first free boundary min-max width
Wi (Mp,0Myp) of My, is at most H"(S™), independently of L.

For t € [0, L/2), the level sets My, N {z = L/2 —t} have mean curvature vector pointing towards
OMp. In particular, by White’s varifold maximum principle [Whil0], if ¥ is a singular properly
immersed free-boundary minimal hypersurface with ¥ N OMy # (0, then ¥ must intersect every
level set My N{z = t} for t € [0,L/2]. On the other hand, by applying interior monotonicity
to XN {L/8 < z < 3L/8}, we obtain H"(X) > ¢,L whenever ¥ N OMy # 0, where ¢, > 0 is
independent of L. Consequently, for L sufficiently large, every singular free-boundary minimal
hypersurface realising W1 (Mg, M) must be disjoint from OM,.
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D.2. Ricy; > 0 on M and strictly mean-convex boundary. Let us then give a quick proof of
the following simple fact.

Lemma D.1. If (M,g) is a compact connected Riemannian manifold-with-boundary with OM # ()
such that Ricg > 0 and OM s strictly mean-conver (namely Hapr > 0), and the free boundary
stationary integral varifold V in M is induced by a non-empty singular properly immersed free-
boundary minimal hypersurface X, then 0% # ().

Proof. We shall argue by contradiction. Notice that ¥ = spt ||V||. By compactness of M, there
is ¢ > 0 such that Hyps > ¢; so that, by [CF18, Lemma 2.1-2.2], the distance function dgp; from
OM satisfies Agdpyr < —c in the barrier sense'®. Now suppose z € X is such that dop(x) =
distg(X,0M) > 0. For € € (0,¢/2), the construction in the proof of [CF18, Lemma 2.2], applied to
the strictly mean-convex hypersurface M, gives a neighbourhood U of x in M and a smooth upper
barrier function u : U — R for dgps such that [V&u| =1 on U and Agu(z) < —c+¢ < —¢/2 < 0.
For y € U N'Y, we have
u(w) = donr () < dom(y) < uly)

since u is an upper barrier for dyy; and = minimises distance to M. Therefore, ¥ N U lies on
one side of S = {u = u(x)} and it touches S at z. Since |Vgyu| = 1, it is easy to check that
Hg(x) = —Agu(z) > ¢/2 > 0, and the domain {u > u(x)} D X NU is strongly n-convex at x. The
contradiction then follows from White’s varifold maximum principle [Whil0]. O
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